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Abstract 

Regularity and uniqueness of weak solutions of the compressible barotropic Navier- 
Stokes equations with constant viscosity coefficients is proven for small time in di- 
mension = 2, 3 under periodic boundary conditions. In this paper, the initial 
density is not required to have a positive lower bound and the pressure law is as- 
sumed to satisfy a condition that reduces to P{p) — ap^ with 7 > 1 (in dimension 
three, additional conditions of size will be ask on 7). The second part of the paper is 
devoted to blow-up criteria for slightly subcritical initial data for the scaling of the 
equations when the viscosity coefficients (/i. A) are assumed constant provided that 
their ratio is large enough (in particular < A < More precisely we prove that 
under the condition p belongs to L°°((0, T) x T^) then we can extend the unique so- 
lution beyond T > 0. Finally, we prove that weak solutions in the torus turn out 
to be smooth as long as the density remains bounded in L°°(0, T, i(^+i+^)''(T^)) 
with e > arbitrary small. This result may be considered as a Prodi-Serrin theorem 
(see [60] and [65j) for compressible Navier-Stokes system. 

1 Introduction 

The Navier-Stokes are the basic model describing the evolution of a viscous compressible 
gas. Let us first recall that the periodic compressible barotropic Navier-Stokes equations 
in the torus (A^ > 2) read as follows: 

{ dtp + d\.Y{pu) = {), 

\ dt{pu) + div(/>n (g) n) - di\{2pD{u)) - V(Adiv'u) + VP{p) = pg. 

The unknowns p > and u G correspond to the density of the gas and its velocity 
field, respectively. The last equation of (jl.ip involves the pressure P which is assumed to 
be a given increasing function of p and D{u) = ^[Vu -|-* Vn] is the strain tensor. Recall 
that in the barotropic case, we have P{p) = P-y^a = CLp^ for some positive constant a and 
some 7 > 1. The viscosity coefficients are assumed to satisfy ^ > 0, and the physical 
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case where A^A + 2fi > 0, and the external force g belongs to L^{{0,T) x T^)^ for all 
T > 0. Finally we complement the above system with the following initial conditions 



P\t=o = Po > 0, 
pu\t=o = ruQ. 



(1.2) 



As emphasized in many papers related to compressible fluid dynamics |42i [50l [Ml [671 [68] , 
vacuum is a major difficulty when trying to prove global existence and strong regularity 
results. A second main difficulty corresponds to get estimate in L°° norm for the density 
in order to control the non-linear term as the pressure but also for preserving the regu- 
larity of the velocity by assuming that the density stays in some multiplier spaces (for 
more details on this point we refer to [36j). 

As a matter of fact, starting from bounded initial densities that have positive lower 
bounds, local existence of smooth solutions can be proved by classical means, since lower 
and upper bounds on the density persist for small enough time. To obtain global exis- 
tence of strong solution, one of the main difficulty corresponds to the loss of control on the 
vacuum and on the norms of the density. An other point is related to the difficulty 
to estimate for long time the Lipschitz norm of the velocity u, that is why many criterion 
of blow-up assumed that the Lipschitz norm of the velocity UVuHj;^! (-^oo-) is bounded (in 
particular in this case it allows to control easily the L°° norm of the velocity). In this 
paper, we want to follow an radically different approach inasmuch as we want to define 
blow-up conditions depending only on the Lebesgue integrability of the density. More 
precisely we want to prove that the norm L°°{L'^{T^)) on the pressure P{p) controls the 
breakdown of strong solutions of the Navier-Stokes equations in dimension = 2, 3 for 
large enough q > 1. In other words, if a solution of the Navier-Stokes equations is initially 
suitably smooth and loses its regularity at some later time, then the norm L°°{L'^(T^)) 
of the pressure grows without bounds as the critical time approaches. 
Before stating our main results, I would like to recall some important results concerning 
the theory of the existence of global weak solutions and the existence of strong solution 
(it means unique solutions) for barotropic Navier-Stokes system. Indeed the results ob- 
tained in this article combine the different tools used for proving the existence of global 
weak solution and of strong solution. 

1.1 Existence of global weak solutions 

Before the work by P-L Lions in [52j, very little was known about solutions of the 
compressible barotropic Navier-Stokes equation at least when N > 2. There he proved 
a global existence theorem and weak stability results for P^^a pressure laws under some 
conditions on 7 and with the following assumptions on the initial data: 



where we agree that = on {x G T such that po{x) = 0}. Here is a up-to-date 
statement of Lions' result later improved by E. Feireisl et al in |28 1 129 1 [5U]. 




(1.3) 



,2 
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Theorem 1.1 We assume / fO) and 7 > 1 i/ iV = 2, 7 > f i/ iV = 3. Then there 
exists a solution {p,u) E L°°(0, oo; L'>'(T^)) x L^(0, oo; //-^(T^))^ satisfying in addition 
p G C{[0, oo), (T^)) i/ 1 < p < 7, /^Inp G L-(0, oo; L^T^)), P G i^L([0' oo); L'?(T^)) 
/or 1<(7<7— 1 + -1^7. Moreover, when f = 0, for almost all t > 0, we have 



, H —p'''){t,x)dx + f ds I (^iViil^ + (A + ^)(divu)^)(ix(is 

jN 2 7-1 Jo 



. ,1 

< 



(1.4) 



(1.5) 



.^Poluol"^ + Y/32)(2;)dx. 

Lions proved similar results for more general pressure laws -P(p) such that 

P(s)^ 

2-dS < +00, 

^ 

P(s) 

liminf -^s^+oo — — > 0, 
s' 

for some 7 satisfying the above condition of theorem ll.il 

Let us stress that the main difficulty for proving Lions' theorem consists in exhibiting 
strong compactness properties of the density p in L^^^(M+ x M^) spaces required to pass 
to the limit in the pressure term P{p) = ap^ . As a matter of fact, in his pioneering 
work, Lions made the additional assumption that 7 — 1 + ^ >2in dimension = 2, 3. 
However, later on, Feireisl and his collaborators in [281 [5U] generalized the result to 
any 7 > -f- for A > 2 by establishing that we can obtain renormalized solution without 
imposing that p G Lf^^iW^ x M^) (see also |59j). This improvement was based on the 
concept of oscillation defect measure evaluating the loss of compactness. 



1.2 Existence of unique solution 

The problem of existence of global solutions for Navier-Stokes equations was addressed 
in one dimension for smooth enough data by Kazhikov and Shelukin in [IS], and for 
discontinuous ones, but still with densities away from zero, by Serre in [6lj and Hoff in 
|41j . Those results have been generalized to higher dimension by Hoff in [441 i45j . The 
existence and uniqueness of local classical solutions for (jl.ip with smooth initial data 
such that the density pQ is bounded and bounded away from zero has been stated by 
Nash in [58]. Let us emphasize that no stability condition was required there. On the 
other hand, for small smooth perturbations of a stable equilibrium with constant positive 
density, global well-posedness has been proved in [53]. Refined functional analysis has 
been used for the last decades, ranging from Sobolev, Besov, Lorentz and Triebel spaces 
to describe the regularity and long time behavior of solutions to the compressible model 

[56], m, m- 

Guided in the approach by numerous works dedicated to the incompressible Navier-Stokes 
equation (see e.g |57] ) we want here to recall the fundamental notion of critical regularity. 
By critical, we mean that we want to solve the system (jl.ip in functional spaces with norm 
invariant by the changes of scales which leaves (jl.ip invariant. In the case of barotropic 
fluids, it is easy to see that the transformations: 

{p{t, x),u{t, x)) — > {p{l^t, lx),lu{ft, Ix)), I G M, (1.6) 
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have that property, provided that the pressure term has been changed accordingly. 
The use of critical functional frameworks led to several new well-posedness results for 
compressible fluids (see [211 EH EH ES] ) . In addition to have a norm invariant by (|1.6p , 
appropriate functional spaces for solving (jl.ip must provide a control on the L°° norm of 
the density (in order to avoid vacuum and loss of parabolicity) but also on the Lipschitz 
norm of the velocity (it means ||Vn||^i (/,oo)) in order to be able to estimate the density 
via the mass equation. For that reason, the study is restricted to the case where the 
initial data {pq,uq) and external force / are in homogeneous Besov spaces such that, for 
some positive constant: 

JV JL-i IL-i 

po G n Bp%, no G B;1, and / G LL(M+, G B^l, ) (1.7) 

with {p,pi) G [l,+oo[ suitably chosen. 

Local existence of strong solution with large initial data 

The first result concerning the existence of strong solutions in spaces invariant for the 
scaling of the equations is due to R. Danchin in |21) . More precisely he obtains strong 

JV i^ — 1 

solutions for initial data in B21 x {B21 )^ ■ Here compared with the result on incom- 
pressible Navier-Stokes, he needs to control the vacuum hence the norm of the density is 
in L°° in order to take advantage of the parabolicity of the momentum equation. That 
is why he is working with a third index r = 1 for the previous Besov space because 

JV 

B21 is embedded in L°°. In [23], R. Danchin generalizes the previous results by working 

with more general Besov space of the type B^^'^^ x {B^^^^ )^ with some restrictions on 
the choice of p. Indeed comparing with the general setting in (|1.7p . we can observe that 
R. Danchin needs to have p = pi leading to the limitation p < 2N for the existence and 
p < N for the uniqueness due to some limitation concerning the paraproduct laws when 
he treats some non-linear terms. The fact that p = pi is a consequence of the strong 
coupling between the density and the velocity equations. To be more precise, in [21] the 
pressure term is considered as a remainder for the parabolic operator in the momentum 
equation of (jl.ip . 

In [36], we address the question of local well-posedness in the critical functional frame- 
work under the assumption that the initial density and the initial velocity belong to 
critical Besov spaces with different index of integrability. In this article we improve the 
results of j24j inasmuch as we have no restriction on the size of p. In particular, we can 
observe that when p goes to infinity, we are close to get strong solution with initial data 
(^O; ^^o) in ^ X Bj^ ^ (at less when P{p) = Kp and weak solution else when the pressure 
are more general). It means that this theorem bridges the gap of the result of D. Hoff 
where the initial density is in L°° but where the initial velocity is more regular (it means 
not critical) and the results of R. Danchin in |24j . 

For proving this result, we adapt the spirit of the results of [1] and [33] which treat the 
case of the density-dependent incompressible Navier-Stokes equations (at the difference 
that in these works the velocity and the density are naturally decoupled). The key of 
[36| is to introduce a new unknown vi the effective velocity to avoid the coupling between 
the density and the velocity, we analyze then by a new way the pressure term. This idea 
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originates from the works by D. Hoff, P-L Lions and D. Serre (see [4311521 where the 
so-called effective pressure has been first introduced. We refer also to the fundamental 
result of V. A. Vaigant and A. V Kazhikhov on the existence of global strong solution 
in two dimension which use crucially this notion of effective pressure (in this paper the 
viscosity coefficients are variable and have a specific form) . 

In [36] the divergence of this effective velocity is exactly the effective pressure. More 
precisely we write the gradient of the pressure as a Laplacian of some vector-field v, and 
we introduce this term in the linear part of the momentum equation ( in other words, 
V = GP{p) where QP{p) stands for some pseudo-differential operator of order —1). We 
then introduce the effective velocity vi = u — v. By this way, we have canceled out the 
coupling between vi and the density. We next verify easily that we have a Lipschitz 
control on the gradient of u (it is crucial to estimate the density via the mass equation) . 

Global existence of strong solution with small initial data 

In this subsection we would like to recall some important results of existence of global 
strong solutions with small initial data. More precisely we would like to emphasize the 
importance of the notion of effective pressure (see [52], [6l], [l3]) or of effective velocity 
(see |37j ) in the resolution of this problem. Indeed this last notion introduced in [36] will 
be the key of our proofs of blow-up, in some sense this unknown of effective velocity is 
more regular than the velocity (we will give a precise definition of the effective velocity 
later) and we will explain why. 

The global existence of strong solutions for initial data with high regularity order and 
close to a stable equilibrium has been proved by Matsumura and Nishida in [53j for 
three-dimensional polytropic ideal fluids and no outer force with initial data such that 
(/)o-l,'Uo) G H'^{W^)xH^{W^). MorerecentlyD. Hoff in IMlllllllS] stated the existence of 
global weak solutions with small initial data including discontinuous initial data (namely 
po - 1 is small in L2(M^) n L°°(M^) and uo is smah in L^{^^) if iV = 2 and small in 
L®(]R^) if = 3). One of the major interest of the results of D. Hoff is to exhibit some 
smoothing effects on the incompressible part of the velocity u and on the effective pressure 
F = (2/i + A)divu — P{p) + P{p) (see also the work by D. Serre in [M])- This also plays a 
crucial role in the proof of P.-L. Lions for the existence of global weak solution (see [52j). 
However if the results of D. Hoff are critical in the sense of the scaling for the density, it 
is not the case for the initial velocity. In [44J, D. Hoff shows a very interesting theorem 
of weak-strong uniqueness when P{p) = Kp with K > To speak roughly under the 
conditions that two solutions {p,u), (pi,ni) satisfy a control L°° on the density and a 
control Lipschitz on the velocity, with additional property of regularity on the strong 
solution {pi,ui) then we obtain (p, n) = {pi,ui). D. Hoff uses this result to show that 
the solutions of [H] are unique. 

Finally R. Danchin in [22] shows for the flrst time a result of existence of global strong 
solution close to a stable equilibrium in critical space for the scaling of the system. More 

JV — — I — — 1 

precisely the initial data are chosen as follows {po — l,uo) £ {B21 H -62^1 ) ^ ^21 ■ '^^^ 
main difficulty is to get estimates on the linearized system given that the velocity and 
the density are coupled via the pressure. What is crucial in this work is the smoothing 
effect on the velocity and a decay on p — 1 (this plays a key role to control the pressure 
term). In this work, R. Danchin uses some tricky energy inequalities on the system in 
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Fourier variable. This explains in particular why the result is obtained in Besov space 
with a Lebesgue index p = 2. Recently Q. Chen et al in [13] and F. Charve and R. 
Danchin in [11] improve the previous result by working in more general Besov space, for 
that they study the linear part of the system by including the convection terms in the 
linearized system. The main idea is then to " paralinearize" the convection terms, which 
avoids any troubles concerning the coupling of the linear system between low and high 
frequencies. 

In [37] we make a connection between the article of D. Hoff '44] and those of F. Charve 
and R. Danchin and Q. Chen et al in [11] and [U]. In fact we extend the results |llj and 
|14j to the case where the Lebesgue index of Besov spaces are not the same for the density 
and the velocity. To do that, as in |36] we introduce the unknown of effective velocity 
in high frequencies so as to "kill" the relation of coupling between the velocity and the 
pressure. This effective velocity enables us to get as in R. Danchin in j22J a decay on 
p — 1 in the high frequency regime. In low frequencies, the first order terms predominate, 
so that (jl.ip has to be treated by means of hyperbolic energy methods (roughly p — 1 
and the potential part of the velocity verify a wave equation). This implies that we can 
treat the low regime only in space constructed on L^(M^) as it is classical that hyperbolic 
systems are ill-posed in general L'P(R^) spaces. So as in [T3] and [11], the system has to 
be handled differently in low and high frequencies. In particular in [37], we are able to 

deal with very critical spaces of initial data, in particular (po — ^,uq) G i x ^' 
(see [37] for the definition of the hybrid Besov spaces). 

Existence of strong solution w^ith vacuum 

On the other hand there have been few existence results on the strong solutions for the 
general case of nonnegative initial densities. The first result was proved by R. Salvi and 
I. Straskraba. They showed in [63] that if 17 is a bounded domain, P = P(-) G C^[0,oo), 
Pq £ H^, uq £ Hq n and the compatibility condition: 

1 

Luq + VP(/9o) = p§g, for some g G L^, (1.8) 

is satisfied, then there exists a unique local strong solution {p, u) to the initial boundary 
value problem (jl.ip . H. J. Choe and H. Kim proved in \XL\ a similar existence result 
when Q is either a bounded domain or the whole space, P{p) = ap^ (a > 0, 7 > 1), 
po£ L^r\H^ r\ VF^'^, tio G n D"^ and the condition (fL8]) is satisfied. 
B. Desjardins in [26| proved the local existence of a weak solution solution {p,u) with 
a bounded nonnegative density to the periodic boundary value problem (jl.ip as long as 
supo<t<T* (IIp(^)IIl°°(t3) + I|V^(0IIl2(t3)) < +00. In dimension N = 2, the regularizing 
effects proved in [26] hold as long as supo<t<T* (||/o(t)||ioo(']r2)) < +00. We would like 
to draw the attention on this last result because in the sequel we will generalize this 
assertion to the case of the dimension = 3 in the context of the continuation of strong 
solution. 

1.3 Notations and main results 

In a first time this paper will be devoted to improve the works [26] and [T^ by choosing 
a larger class of initial velocity data. A crucial point will be to explain how it is possible 
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to obtain strong solutions and not only weak solutions as in \2Q\ and [T7j. In the sequel 
we will give new results of blow-up which will be our main results. 

In the sequel we will note ^ = dt + u - V and f = -^f- We will define also the unknown 
CO = curlii as the rotational of the velocity. The viscosity coefficients are constant and 
are assumed to satisfy: 

5 

^i>0, < A < -/i. (1.9) 
It follows that there is a p > 6, which will be fixed throughout, such that: 

^ (p-2)2 , , 

T > J7 TT- 1-10 

A 4(p - 1) 

In the sequel we will assume that g £ with: 

\\9\\e^ = ll5'llL5?(L2(TrJV)) + ||5'IIl2,{l2{t'V)) + I|5'IIli,{l^+^{t'V)) 

+ f f{s)\\Vg\\l,n^.ds+ [ [ f{s)\dsg\''dsdx, 
Jo ^ ' Jo Jt^ 

where /(s) = min(l, s) and e > 0. 

Let us now state a first theorem of weak-strong solutions. 

Theorem 1.2 Let N = 2,3. Assume that fi and A verify il.9\) and il.lO\) . We assume 
1 1 

that po e L°°(T^), p^uo G LP{T^) and p§uo G L'^{T^). Moreover g is in for any 
T > and g £ L°^(LP(T^)). Finally we assume that > ^ if N = 3 and > I if 
N = 2. Here p verifies: 

( p>2, if N = 2, 

^ ^ ' ' (1.12) 

\p>6, ifN = 3. ^ ' 

• There exists Tq £ (0, -|-oo] and a weak solution (/?, u) to the system ( I i. j|) in [0, Tq] 
such that for all T < Tq (with f[t) = min(t, 1), a; = curing; 

sup f [\p{t,x)\u{t,x)\'^ + \n{p{t,x))\ + f{t)\Vu{t,x)\^]dx 

0<t<To JT^ ^ 



+ sup / [\f{t)^{p\u{t,x)\^ + \Vuj{t,x)\'')]dx (1.13) 

0<t<To Jt^ ^ 

+ / V [iV-up + /(s)(/o|u|2 + |Va;|2) + f^ ^s)\V ii'^Yxdt < CCq. 
Jo JjN 

sup / p{t,x)\u{t,x)\Pdx <Co^g (1.14) 

<t<To JjN 



0<t<To Jt 
with: 

Jo ^ 

Furthermore Co„ depends only on the initial data po, uq and on g. 
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In addition if we assume that uq € H 2 ^+'^(T^) with e > and ^ G L°°(T^), we 



obtain the following estimates: 

sup / [lp{t,x)\u{t,x)\'^ +U{p){t,x) +t'^-^-'\Vu{t,x)\'^]dx 

0<t<ToJT^ ^ 

+ sup / [^r(p|'u(t,x)|2 + |VL^(t,x)|2)dx] (1.15) 
0<t<To Jtn Z 

+ / " / [|Vn|^ + t2-^-'|u|2 + r|Vn|2]dx(it<CCo„, 
Jo ^T^ 

with c'q g depends on the initial data and on g with: 

a = 2-e, ifN = 2, 

3 (1-16) 

a = --6, ^/iV = 3, 

and: 

^sup^^ Mt, •)||^^_i+.(^,^ < CClg, and i G L??,(L-(T^)), (1.17) 

where Cq ^ depends on the initial data and on g and: 

Vug L^^{BMO{T^)). (1.18) 

• The regularity properties U.13\) . Iil.l4\ ), 11.15\) . jl-lT^ and U.18\) hold as long as: 

sup \\p\\Lr(L°°(TN)) < (1-19) 
iG[0,To] 

Remark 1 The crucial point of this theorem and his main interest is that estimates 
U.13\) . Iil.l4\ ), Iil.l5\) . Jj. j7| ) and U.18\) can hold as long as the density p belongs to 
L^_^(T^) in dimension 2 and 3. It generalizes in particular the result of B. Desjardins 
in f26] where this result was obtained only in the case of the dimension N = 2. The 
main ingredient to obtain our theorem compared with 126^ is to benefit of the gain of 
integrability that we can obtain for compressible Navier-Stokes system when the pressure 
has enough integrability. 

In the next theorem, we are going to construct strong solutions by adding a slight hypoth- 
esis of regularity on the initial data pQ. Furthermore we shall extend this strong solution 
under an hypothesis of control on p in LJ^^(T^). 

In passing, we observe that in this theorem we improve also \20^ inasmuch as we can 
choose more general initial data. Indeed in ]20^ . the initial data uq is assumed to belong 
to H^{T^), here we do not ask any regularity on the velocity but only integrability. In 
fact this is possible because at the difference of 126], we obtain energy inequalities by mul- 
tiplying by f{t) which allows us to reduce the regularity assumptions on the initial data. 
This idea was in particular introduce by Kato in for incompressible Navier-Stokes 
system and develop in the case of barotropic Navier-Stokes system by D. Hoff in fj^ . 
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Remark 2 However compared with \26^ and 136^ , our hypothesis on the viscosity coef- 
ficients and on the choice of 7 are more restrictive. Indeed in [26^ B. Desjardins needs 
only to assume that 7 > 3 m dimension N = 3. In fact in our case we have to add these 
conditions because at the difference of ^26] we will obtain only a control on \J f{t)P{p) 
in L°°{I?') and not on P{p) in L°°{L'^) . That is why we need of additional integrability 
condition on the density to control in L°° norm the term coming from (A)~^div(/3n) (we 
refer to the proof for more details). 

We want to mention that this condition on 7 is purely technic and do not play any role 
in the criterion of blow-up in theorem \1.3\ and \1.4[ Indeed this condition is useful only to 
obtain in the theorem \1.4\ the fact that p is in L°° . If we assume in a blow-up criterion 
that the density p is L°° , then this technical assumption on 7 can be avoided. 
Finally we have to impose certain conditions on the viscosity coefficients in order to 
obtain gain of integrability on the velocity. 

Remark 3 In this theorem, if we assume as in \3(^ that G L°°(T^) then we obtain 
a control on the gradient of the velocity Vn in L^{BMO{T^)). We know that for in- 
compressible Navier-Stokes equations this hypothesis is enough to get uniqueness. In this 
sense we can consider our result as a theorem of strong-weak solutions (indeed it is not 
enough to prove the uniqueness but almost). It means that this result improves the results 
of JS^ inasmuch as we do not need any other assumption on po than pQ E L°°{T^). We 
are then absolutely critical for the scaling of the equations on the density. For the initial 
velocity uq we need to be a little bit subcritical as uq G II^^^^''{T^). The only thing is 
that in dimension N = 3 we need extra assumption of the type uq G L^{T^). 

In the following theorem we obtain strong solutions if we assume more regularity on 
the initial density and that pQ is bounded away from the vacuum. This will supply a 
Lipschitz control on the velocity u. By this way, we can show that the results of [36] 
are very critical as it seems necessary to add extra regularity to get a control of Vu in 
Li,(L~(T^)). 

Theorem 1.3 Let e > 0. Under the hypothesis of theorem \1.2\ with in addition uq £ 
^^-i+e^jN^ and infpo > 0, po e B'^^^{T'') if P{p) = Kp and po G SAr,i(T^) n 
-^ooooC^^) fof N = 3 if P is a general pressure law, the solutions of theorem \1.2\ are 
unique and verify locally in time il.l3]) . il.l5]) . j7| j and: 

Moreover if p is in L°°((0,To) x T^) then the solutions can be extended beyond Tq. 

Remark 4 In fact by using exactly the same arguments than the proof of theorem \1.3l 
it would be easily possible to prove that this theorem can be adapted to the strong solution 
constructed in fS^ (indeed the proof uses essentially energy inequalities) . It would suffices 
to choose initial data as in theorem \1.3\ except that we would not need to assume extra 
conditions on 7 when N = 3 (see remark\^for more explanations). It means that we 
could obtain theorem with the condition 7 > 1. 

In the following theorem, we want to improve the above blow-up criterion. More precisely 
we prove that it suffices to control the norm 

^oo^^(iV+i+.)7(qpiV)) Qf ^jjg density with e > 
when P{p) = ap^ to obtain global strong solutions. We refer to 
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Theorem 1.4 Let X = 0, j as in theorem and g as in theorem and g E 
L~(L°°(T^)). Let P{p) = ap^ with a > and 7 > 1. Assume that {po,uq) e 

(LT(T^) n L°°(T^) n b;^+4(t^)) X (L2(T^) n l°°(t^) n h^-'^+%t^)) with e > O and 

i/iai pq is hounded away from zero. 

Let (p, u) be a strong solution as in theorem \1.3\ of system on [0, T) with the previous 

initial data which satisfies additionally the following conditions: 

pe LI^\l'-^+'^+'^"'{T^)) and pe Lf{L^+'{T^)nL^"'+^T^)) if N = 3, 
p £ L;+'(L(^+i+^)^(T^)) and p G Lf{L^^+\T^)) if N = 2, 

with e > 0. Then the solution {p, u) can be extended beyond T and we have: 

Vn G L^(L°^(T^)). 

Remark 5 • This result has to be seen as a Prodi- Serrin theorem (see '6(7] and 
i65j ) for compressible Navier-Stokes system. The main difference compared with 
incompressible Navier-Stokes system is that "the good variable" is the pressure and 
not the velocity. In some way, it is the integrability of the pressure which gives the 
regularity of the solutions. This result is the first one up to my knowledge which 
requires only condition of integrability on the density to get global strong solutions. 

• More precisely, as long than U.2(J\) is verified, the regularity properties ( liLlcl]) . 
pJ4\ >, nrW\) . [TJID , UJB^ and Vn G L^(L°^(T^)) hold. It means in particular 
as Vn G Ll^{L°°), that we can extend the solutions. 

• As explained in remark^ we could extend the result for 'j > 1. 

Remark 6 We believe that the assumption A = may be weakened as the fact that uq 
belongs to L°°(T^). In return we would need stronger condition of integrability for the 
density. 

Remark 7 We believe that our method can be adapted to the euclidian space M^. This 
is the object of our future work. 

Our paper is structured as follows. In section [2l we give a few notation and briefly 
introduce the basic Fourier analysis techniques needed to prove our result. In section 
[3] and [H we prove a priori estimates on the density and the velocity, more precisely we 
prove in particular that the effective velocity is Lipschitz if we are able to control the 
norm L°° of the density. In section 16.11 we prove the theorem 11.21 by mollifying the initial 
data and by proving that the estimates of section [3] and H] are uniform and independent 
of the mollifying process on the initial data. In section [5l we prove additional regularity 
on the initial density which allows to get a Lipschitz control on the velocity when p 
remains L°° . In the section [6l we prove theorem 11.21 and 11.31 by constructing in particular 
approximate solutions. In section [7] we will give the proof of the blow-up theorem 11.41 
We will conclude in section [8] by some comments and open problems. An inescapable 
commutator estimate is postponed in the appendix in the section [9j 
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2 Littlewood-Paley theory and Besov spaces 



Throughout the paper, C stands for a constant whose exact meaning depends on the 
context. The notation A < B means that A < CB. For ah Banach space X, we 
denote by C([0,r],X) the set of continuous functions on [0,T] with values in X. For 
p G [1, +00], the notation L^(0, T, X) or Lj,{X) stands for the set of measurable functions 
on (0,T) with values in X such that t — )■ belongs to LP(0,T). Littlewood-Palcy 

decomposition corresponds to a dyadic decomposition of the space in Fourier variables. 
Let if e C°^(M^), supported in the shell C = e M^/f < |C| < §} and x e C~(M^) 
supported in the ball B{0, |). (p and x are valued in [0, 1]. We set = (0, 27r)-^ and 
= (Z/1)-^ the dual lattice associated to T-^. We decompose now u G (S'(T^) into 
Fourier series: 

Denoting; 

one can now define the periodic dyadic blocks as: 

Agu{x) = V ^i2-ip)u^e'f^-- = Wm f hg{y)u{x - y)dy, for all g G Z 

and the low frequency cutt-off: 

p<q-l 



It is obvious that: 

u = uo + Y2 ^kU. 

fcez 

This decomposition is called non-homogeneous Littlewood-Paley decomposition. 

3^ 



Furthermore we have the following proposition where C = i?(0, |) + C 



Proposition 2.1 

|A; - fc'l > 2 =^ supp(^(2~'=-) n supp(^(2~'= •) = 0, (2.21) 

> 1 ^ suppx n supp99(2-''-) = 0, (2.22) 

|A; - /c'l > 5 =^ n 2^C = 0. (2.23) 
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2.1 Non-Homogeneous Besov spaces and first properties 
Definition 2.1 For s G M, p G [1, +cxd], q £ [1, +oo], and u G 5'(T^) we set: 

The Besov space B^^ is the set of temperate distribution u such that < +oo. 

Proposition 2.2 The following properties holds: 

1. there exists a constant universal C such that: 
C-^u\\bs^^ < ||Vn||^.-i < C\\u\\bi,^^. 

2. Ifpi < P2 and ri < ra then B'p^^^^ ^ B'p~^,^^^^'~^^^'\ 

' I I 

3. -Bp ^ Bp J. if s > s or if s = s and n < r. 

Let now recall a few product laws in Besov spaces coming directly from the paradifferen- 
tial calculus of J-M. Bony (see [1]) and rewrite on a generalized form in [1] by H. Abidi 
and M. Paicu. 

Proposition 2.3 We have the following laws of product: 

• For all s G M, {p,r) G [l,+oo]'^ we have: 

\\uv\\b}^, < C{\\u\\l^\\v\\b^^^ + \\v\\l°°\\u\\bi,^^) ■ (2.24) 

• Let {p,pi,p2,r, \i, X2) G [1,+cxd]^ such that: 

111 ^ ^111 111 

- < 1 , Pi < A2, P2 < Ai, - < \- — and - < h — . 

p Pi P2 P Pi Ai p P2 A2 

Assume that: 

11, N N , N N 

si + S2 + A^inf(0, 1 ) > 0, si + — < — and S2 + — < 

Pi P2 A2 pi Ai P2 

then we have the following inequalities: 

\\uv\\ , ,,„_iv(j_+j__i) < llull^^i ||w||^^2 . (2.25) 

When ^1 + ^ = (resp S2 + ^ = ^) we obtain a similar result as l\2.25\) by 
replacing Mln JvW^p^^^ (resp \\v\\b£J MbIiJMb^I^ (^^^'P Mb^I^hl^)- 
When Si + = ^ and S2 + ^ = ^ we replace by \\u\\ r,n \\v\\ 0=2 

i A2 Pl ^ Ai P2 ^ ^ II ll-°pj,lll Il-°p2,l 

We now want to give some similar results for the critical case for the paraproduct laws, 
it means when si + S2 = 0. 
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Proposition 2.4 Assume that si + so = 0, si G (^^ _ 7V _ iv -i J_ _|_ J_ < ]^ i/ien; 

If \s\ < — for p > 2 and —4- < s < — else, we have: 
J \ \ p J t- — p p J 

\\uv\\b^^^ < C\\u\\b^ J\v\\ k ■ (2.27) 

Remark 8 In the sequel p will be either pi or p2 and in this case x ~ p7 ~ ^ '^fPi — P2, 
^^^P J = ^fP2 - Pi- 

Proposition 2.5 Let r G [1, +00], 1 < p < pi < +00 and s such that: 
V pi ' pi / p ' Pi — ' 

. s e (_iv ^ ^/i ^ X _ 1) ) .J 1 ^ ^ ^ 

\ pi "-P pi pi ' •' p pi ' 

JV 

then we have if u £ Bp ,, and v G Bpl^oo H .- 

lltivllRs < C||u||rs \\v\\ n 

The study of non stationary PDE's requires space of type LP{0,T, X) for appropriate 
Banach spaces X. In our case, we expect X to be a Besov space, so that it is natural 
to locahze the equation through Littlewood-Paley decomposition. But, in doing so, we 
obtain bounds in spaces which are not type LP(0,T, X) (except if r = p). We are now 
going to define the spaces of Chemin-Lerner (see P3j) in which we will work, which are 
a refinement of the spaces Lj,{Bp ,^). 

Definition 2.2 Let p G [1, +00], T G [1, +00] and si G M. We set: 

We then define the space Lt^{Bp^^) as the set of temperate distribution u over (0,T) x T''^ 
such that \\u\\rp , , < +cxd. 

We set CriBp^r) = ^r(-^p,V) ^ C([0,T], B^i^). Let us emphasize that, according to 
Minkowski inequality, we have: 



Remark 9 It is easy to generalize propositions 2.4 and corollary \2. 51 to Lf^{Bp\) 



spaces. The indices si, p, r behave just as in the stationary case whereas the time exponent 
p behaves according to Holder inequality. 

In the sequel we will need of composition estimates in Lj.{Bp j.) spaces. 
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Proposition 2.6 Let s > 0, (p,r) e [1, +oo] and u G Lj.(^p,r) ^ Lf{L°°). 

1. Let F G VF/^'J+^'°°(T^) suc/i that F(0) = 0. Tften F{u) G L^{B^^^). More precisely 
there exists a function C depending only on s, p, r, N and F such that: 

2. Let F G w/„'J+^'°°(T^) swc/i t/iat F(0) = 0. Then F{u) - F' {0)u G L^{B^^r)- More 
precisely there exists a function C depending only on s, p, r, N and F such that: 

||F(n) -F'(0)n||£.(^.^^) < C(||tx||^5c(^^)||tx|||, 

Here we recall a result of interpolation which explains the link of the space ^ with the 
space -Bpoo) see pO] , 

Proposition 2.7 There exists a constant C such that for aZZ s G M, e > and 1 <p < 

+00, 

II II ^r-l + ^ii II ^^^tCb|^^^ 

Now we give some result on the behavior of the Besov spaces via some pseudodifferential 
operator (see pOj). 

Definition 2.3 Let m G M. A smooth function function f : — )• M is said to be a 5™ 
multiplier if for all muti-index a, there exists a constant Ca such that: 



Proposition 2.8 Let m G M and f he a 5™ multiplier. Then for all s £ M and 1 < 

p,r < +00 the operator f{D) is continuous from B^ .^. to B^J/^ . 

We now focus on the mass equation associated to (jl.ip 

{dtP + u-Vp-\ — T-ihip)— I h(p)(t,x)dx) = -pdivt;i, 
^ + ^'^^ JjN ^'^^^ ' ' ' 2^1 + \^ (2.28) 
q/t=o = Qo- 

where h G C°° , h{0) = and h' G Ty*'°^(M, M). Here vi belongs in L^{B^^^^ ) with e > 
and pi G [1, +oo]. 

Proposition 2.9 Let 1 < p < pi < +oo and 1 < r < +oo with p = ^j^. Let assume 
that: 

- iVmin(— , -) < (2.29) 
Pi P 
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Assume that po G B^^^, Vn G L\{B^loo n L°°), divvi G L^{'d,T-L°°), divui G L\{B'^^^) 
and that p G L9^{Bp j.) n satisfies i2.28\} . There exists a constant C depending only 
on N such that for all t G [0, T] and m G Z, we have: 

MZriB^,.) ^ e^''^*Hll/'0b,V + fc\\p{T,.)\\L^\\divVi{T,.)\\B^^ jT), (2.30) 
' 

V{t)= / (llV-ull ^ +||div'i;i|| JV +\\p\\lt^ + l)dT ifa<— + l, 

Jo B^l^nL^ B^l^nL^ Pi 

= / (llVtill JV +||divfi|| JV + + l)dr if a = hi andr = l. 

Jo s''! b''! Pi 

a i/ie smallest integer such that a > s. 

Proof: Applying A; to ([2:28]) yields: 

dtAip + u ■ VAip = Ri- AiipdWvi) - Ai{pl{p)) with Ri = [u- V, Ai]p, 

with /(p) = h{p) — h{p){t,x)dx. Multiplying by A/p|A/yo|P~^ and performing a time 
integration, we easily get: 

\\Aip{t)\\Lpd<\\AipQ\\LP+ / + ||div'u||Lcx,||A//>||iP 

JO 

+ \\Ai{pdiYVi)\\Lv + \\Ai{pl{p))\\Lv)dT. 

By paraproduct (see proposition 12. 5p . there exists a constant C and a positive sequence 
(q) G r such that: 

||Ai(pdiv?;i)||LP < CQ2"''^||/9||B-^nL°°||divvi|| jv 
Similarly by proposition 12.61 we have: 

\\Ai{pi{p))\\L. < cca-'^'MB^^^Ai + Mit'). 

Next the term may be bounded according to the inequality of the lemma [2] in the 

appendix: 

||(2'^||i?/||Lp) llr < C||Vu|| ^ IIpIIb^v (2.31) 



D f'l n y c 



We end up with multiplying the previous inequality by 2 and summing up on Z: 
||p(t)||B,v < \\po\\b^,,^ + 1^ CV\t)\\p{t,.)\\b^^Jt + 1^ ^ 
Gronwall lemma yields inequality (|2.30p . □ 
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3 A priori bounds on the density 



In this section we make a formal analysis of the partial differential equations of 

and begin by classical energy estimates. Multiplying the equation of conservation of 

momentum by u, we obtain 



p\u\'^{t,x) +U{p){t,x))dx+ / {plD{u) : D{u){s,x) 



JT^ 



+ (A + ^)|divtip(s, x))dsdx < 
where 11 is defined by 

n(s) = s 

It follows classically that we have the following bounds 

r pG L°°(0,oo;L^), 



mo I 



2p 



(x) + U{po)ix))dx, 



P{z) 



dz 



^ Vn e l2(0,oo;L 



(3.32) 



(3.33) 



(3.34) 



3.1 L°° bound on p 

In this section we are interesting in obtaining some L°° bound on the density p. Indeed 
in the sequel it will be crucial for controlling the nonlinear terms as the pressure but 
alsp for some reasons related to the notion of multiplier space. Roughly to obtain some 
properties of regularity on the velocity u, we will need in a certain way that pAu keep 
the same regularity than Au. It means that the density has to belong to some multiplier 
space and in particular the density p must be in L°° . 

Let us mention that one of the main ingredient for this is a partial differential equation 
close to a transport equation derived from (jl.ip involving log p. In particular the notion 
of effective pressure will appear. We recall in particular that it was one of the main 
ingredient used by P-L Lions in [52] to prove global existence of weak solutions of (jl.ip . 
It is also one of the key to the proof of B. Desjardins in [26j . 

In this section for simplicity, we assume that g = Q (the general case is an easy exten- 
sion). Applying now formally the operator (A)^^div on the equation of conservation of 
momentum, we obtain then: 

{2p + A)divn - P{p) + / P{p)dx = atA"^div(pn) + RiRj{puiUj), (3.35) 

where A~^ denotes the inverse Laplacian with zero mean value on and Ri the usual 
Riesz transform. We now observe that the equation of mass write under the following 
form in the unknown In p: 

dflog p + u.Vlog p + diYu = 0. (3.36) 
We now define F and G by the following expression: 

F = (2p + A)(logp + A-Miv(pn)), 

G = (2/i + A)divu - P(/9) + / P{p){;x)dx. 
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Here F is comparable to a density unknown (more precisely we will obtain some infor- 
mations on the L°° norme of In p via L°° estimates on F) and G is the famous effective 
pressure. Moreover we shall denote in the sequel respectively by P and Q the projection 
on the space of divergence- free and curl- free vector fields. Combining (j3.35p and (j3.36p . 
we obtain the following transport equation on F with some additional terms. 

dtF + u-VF + P{p) - [ P{p)dx = [uj,RiRj]{pui). (3.37) 

Next by using the characteristic method, we define the fiow ^' of u by 



r dt^{t,s,x) = u{t,^it,s,x)), 

and by the characteristic method, as F check a transport equation we get: 

F(t,^'(t,0,x)) = Fo(x) - / P{p{s,'^{s,0,x)))dxds+ [ [ P{p{s, ■))dxdt 

Jo Jo Jt^ 

+ / {[uj,RiRj]{pui){s,'^{s,0,x))ds. 
Jo 

Using the fact that />(•) > 0, we obtain 

F(t,x) < Fo(^'(0,t,x)) + / / P{p{s,-))dxdt 

Jo Jt^ 



(3.38) 



(3.39) 



(3.40) 



+ / {[uj,RiRj]{pui){s,'^{s,t,x))ds. 
Jo 

It follows that 

log(/)(t,x)) <log(||po||L-) + ||(A)-Mivmo||L- + ||(A)-Miv(pu)(t,-)||L- 

ft f ft (3.41) 

+ 11 P{p{s,-))dxdt + / \\[uj,RiRj]{pu,i)(s,-)\\L°°ds. 
Jo Jt^ Jo 

By using the Besov embedding as Bj^^^ ^ ^ L°° (see proposition 12. 2p . we obtain 

log{p{t,x)) <log(||po||L-) + ||(A)-Mivmo||L- + ||(A)-Miv(pu)||L^ 

f ft (3.42) 

/ P{pis,-))dxdt+ / \\[uj,RiRj]ipui){s,-)\\Bi ds, 
Jt^ Jo 



with e > 0. In view of R. Coifman, P-.L. Lions, Y. Meyer and S. Semmes [I9|, the 
following map 

^ ^ ^ ^ ^ ^ (3.43) 

(a, 6) [aj,RiRj]bi 

is continuous for any A'" > 2 as soon as — = — -|- — . 

In dimension = 3 we have by Holder inequalities and as by embedding ^ 
-Bg^E oo (^^^ proposition 12. 2p : 

\\[uj,RiRj]ipui)is,-)\\Bi ^ < \\p^u\\Le+4Vuis)\\Le{l + \\p{s)\\l^). 

3+4+1"- 
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We finally obtain for a.e {t,x) G (0, +00) x from the previous inequality and p.42p : 
logip{t,x)) <log(||po||L-) + ||(A)^Mivmo||L- + ||(A)-Miv(HllL- 

(3.44) 



+ 



/ / P{p{s,-))dxdt + \\pu\\L^rL6+^) / \\Vu{s)\\L6ds. 

Jo Jt^ Jo 



with e > 0. We have a similar result for N = 2. The estimate (j3.44p will be useful in the 
sequel in order to estimate pl°°- 

4 A priori estimates for the velocity 
4.1 Gain of integrability on the velocity u 

We want here derive estimate of integrability on the velocity u. This idea has been 
successively used in different papers, we refer in particularly to 0^ and [MlES]- To do 
that, we multiply the momentum equation by and we apply integration by parts: 

— [ p\u\P'{t,x)dx + p [' [ (\u\P^~^\Vu\^{s,x) + ^^^\ur-^\V\u\^Ws,x))dxds 

Pi JtN Jq JjN 4 

+ xf f (idivu)^\u\P'-^{s,x) + ^^^-^divuy"uidi\u\'^\u\P'-^{s,x))dsdx 
Jo JjN 2 ^ 

- f f P{p)(dwu\u\P^-^ + {pi - 2)y" UiUkdiUk\u\P^-^){s,x)dsdx 

Jo JjN f-' 



< / po\uo\P^dx. 



We have then by Young's inequality: 
X{pi-2) 



I I diYuy^ Uidi\u\^\uY'^ ^{s,x)dsdx 
Jo JfN ^ 

^^^^W^ [ f diYuu-V{\u\^)\u\P'-'^{s,x)dsdx < 
'0 Jt^ 



2 



/ / \dwu\^\u\P'-\s,x)dsdx + - [ [ \V\u\^f\ur-\s,x)dsdx) 
2 2 Jq J-fN r] Jq Jjn 

If we choose r] such that: 

.V{pi-2)X 

A = sp + \, 

for some s G (0, jj), by the fact that (divn)^ < A^|Vnp we therefore obtain: 

ft r 

IPl-2 



- / p\unt,x)dx + A, f I 

Pi JjN Jq Jjl 



u\^'^ |Vn| {s,x)dsdx 



+ Bs [ [ \u\P^~^\V\uf\^{s,x)dxds < [ [ P{p){d 
Jo Jt'^ Jo Jt'^ 



+ ^^^—^u-V{\u\'^)\u\P'-^)is,x)dsdx+ I po\uo\P'dx, 
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with As = //(I — s N) and B(s) = ^^^/U — ^fg(g^^^) • By Young inequality, we get still: 

— / p\u\P'{t,x)dx + As [ [ \u\P^-^\Vu\^{s,x)dsdx 

Pi JjN Jo JjN 

+ Bs [ [ \u\P^-'^\V\uff{s,x)dxds<C,[ [ P{pf\u\P^-^{s,x)dsdx 
Jo Jt^ Jo Vt^ 

+ / polmf^dx, 
Jtn 

with Ce big enough. 
Case iV = 3 

We now want to use the fact that Vlt^l^ G Lf{L'^), which implies that when N = 3, 
u G L(^(L^^i). More precisely we have: 



PI 



where \u\'^ is the integral of \u\'^ over which means: 

PI f p\ 

\u\'^{t)= I \u\'^ {t,x)dx. 

JjN 

We have then by Holder's inequalities with + ^^^^ = 1 and 2^ + A = i; 



/ / P{pf\u\P^-^{s,x)dsdx\<\\P{p) 
Jo Jt^ 



^" PI 3pi \\\u\^^ ^11 PI,, 3pi , 



<\\Pip)f 3P1 ll^lli^L3Pl)' 

<C||P(p)f 3p, (||V(|nr^) + M^(-)llLf(L2)r^- 
Remarking that J",|[,jv pot^a^ = M 7^ 0, we can write as 7 > |: 

Pi 1 PI f Pi 

\u\-is) < _(||p(s,.)||l7||VH^(s,-)||l2 + / pis,x)\uis,x)\^dx), 



IN 

/"* ' "pT'^ 1 1 PI 1 J_ ^ 

( / (^H^ < — (||p|U^(i.)||V|u|^||i2(^2) + (Mi)2||pPlu||/^^^,^^^. 

•/ 



We obtain then: 



2 /IIVT/I I — \ I 1^/ Ml \2- 



3pi 
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By a standard application of Young inequality (^2pr^ 2pi ~ obtain that: 

— / p\uf'{t,x)dx + As [ [ \uf^\Vu\^{s,x)dsdx 

Pi JjN Jq JjN 

+ Bsf [ \nr-^\V\nf\\s,x)dxds<Ch\\P(.p)f''' s,, +-[ PoWo^dx, 

Jo JjN L^i(LwTT) -'T^ 

(4.45) 

where C^^t is big enough and depend on the time t. 
Case iV = 2 

By proceeding similarly, we have for all g > 1 in particular q large: 



£L PI _ 

^ P19< C'(||V|U| 2 11^2(^2) + UPl). 



We have then by Holder's inequalities with ^^^^ + 2)pi+4) _ ^ pi 2 _|_ _2_ _ -|^. 

J ^ "jpi qpi pi pi 



P{pf\uf'^{s,x)dsdx\<\\P{pf\\ PI , . Ilinr^ '11 



Pl-2| 

v. ' . . V - ' (j;^(9-2)pi+4) L(''1~^(L2(pi-2))' 



< llPf/3)lP 2„„, 



< 2.., (||V(|n|^) + |n|^(-)||i2(^2)f-^, 

Lfl(L(9-2)Pl+4) 



and so: 



— / p\uf'-{t,x)dx + As [ [ \u\'f'''^\Vu\^{s,x)dsdx 

Pi JjN Jq JjN 

+ Bs [ [ \u\P'-^\V\u\'^Ws,x)dxds <C^t\\Pip)f 22P1 +— / Po\uo\P'dx. 

Jo JjN ' L^i (-L(g-2)Pi+4-| Pi Jt'^ 



iPl (2,(9-2)^1+4) IJl 

(4.46) 



4.2 Gain of derivatives on the velocity u 



In this section we deal with the case = 3. The case N = 2 follows the same lines. 
In the sequel we will follow the procedure developed in [26] and |44] to get some energy 
inequalities. The main idea compared with the results in |161 \T7\ [T8] is to obtain energy 
inequalities which depend only on the control on p G L°°. It implies that we have to be 
careful to not introduce some derivatives on the density in the goal to "kill" the coupling 
between velocity and pressure. To do this the notions of effective pressure and effective 
velocity will play a crucial role. One of the main difference with the work of Desjardins in 
[26j will correspond to take in consideration the gain of integrability on the velocity that 
we can obtain when the pressure is enough integrable. Furthermore the fact to obtain 
energy inequalities by multiplying by f{t) = min(l,t) will allow us to get weak-strong 
solutions with very critical initial data for the scaling of the equations. Finally compared 
with ^44j , as the initial data are large, it will add many technical difficulties in particular 
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in the obtention of bootstrap estimates. 

Multiplying first the equation of conservation of momentum by f{t)dtu and integrating 
over (0,r) X T^, we deduce that: 



t 

^T^ 



f{s)p\dtu\^dxds + ]- I f{t){ii\Vu{t,x)\^ + {X + iJi)\d\\u\^{t,x))dx 

+ [ [ VP{p)- f{s)dtudxds< [ I ^^{n\Vu{s,x)f + {X + ^I)\divu\'^{s,x))dxds 
Jo Jo Jt^ 2 

+ / W fis)p^tu\\L2(^m{\\^/f{s)p{u■V)u\\L2n:N) + \\^/pg\\L^TN))ds. 
Jo 

(4.47) 

Next we use the equation of mass conservation to write: 
/ VP{p) ■ f{t)dtudx = - [ P{p)f{t)dtdwudx, 

JiN JiN 

= -dtl f{t)P{p)dWudx+ [ dt{f{t)P{p))dwudx 

= ~dt / fit)P{p)divu dx- I f{t) [div(P(p)?x)divt( + [pP' (p) - P{p))dwu] dx 

JiN JjN 

+ / f'{t)P{p)divudx, 

JjN 

= -dt f f{t)P{p)diYu dx + / f{t)P{p)u • V(G + P{p))dx 

- ^2^^lxf fi^)(pP'ip) - PiPUG' - P{P? + 2(A + 2p^)P{p)dwu)dx 

+ / f {t)P{p)diYudx, 
Jtn 



We now set: 



Uf{s) = s{ r ^dz), 

Jo z 

with / a C°° function. Wc have then by using the mass equation the following equality: 

dtHfip) + div(n/(p)u) + /(p)divu = 0. 
By this fact we obtain that: 

P{p){u ■ VP(p) - 2{pP'{p) - P{p))diYu) = P{p){-dt{P{p)) - 3P'{p)pdiYu + 2P(p)divu). 
We have then: 

/ P{p){u ■ VP(p) - 2{pP{p) - P{p))diYu)dx = 
Jtn 

-\ I dt{P{pf)dx + ?, f dtU^p,,. dx-2[ dtUp^p^dx. 
Next by integration by parts, we have: 
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So: 



/ Pip){u-VP{p)-2{pP'{p)-P{p))dWu)dx= [ dt{P{pf-Up(^p))dx. 

JfN JjN 

We set k{s) = P{s)'^ — ^Ilp(^s)- Let us observe that in the Pa,7 case, we have k{s) 

aV^((27-i)/(27-l)). 

We obtain finally: 

[ VP{p) ■ f{t)dtudx = -dt [ f{t)P{p)d\vudx + -T^^dt [ f{t)k{p)dx 
Jtn Jjn A + Zp JjN 

+ T^[ f{t)Pip)n-VGdx+ ^ [ f{t)P\p){pP'{p)-Pip))dx 
2p + XjfN {2p + XyjjN 

f{t)G\pP\p) - P{p))dx - / f\t)k{p)dx 



(2/i + A)^ X + 2p JjN 

f'it)P{p)divudx. 



N 

Inserting the above inequality in ()4.47p and by Young's inequality, we obtain: 

/'/ 

JO JT^ ^ JT^ 



f{s)p\dtu\^dxds + l- I f{t){p\\7u{t,x)\^ + {X + p){divu{t,x)f)dx 



1 



f{s)P{pf{pP'{p)-P{p))dxds 



{2p + A)2 7o JjN 
^ f{t)k{p{t,x))dx < C + I f{t)P{p{t,x))divu{t,x)dx 



X + 2p JjN JjN (4.48) 



1 



+TX^ / / f {s)Kp)dxds - f {t)P{p)divudx 

X + 2.p Jq Jjn Jq Jjn 

+C [ [ fmpP'ip)-Pip)\G' + \P{p)n\\^G\ + \^u-Vu\' 
Jo Jt^ 

+WP9\'^)dxds. 



In the sequel we set: 



A{t)= I I f{s)p\dtu\'^dxds + }- I f{t){p\Vu{t,x)\'^ + {X + p){dwu{t,x)f)dx 



1 /■* /■ o . „ 1 



(9^x^2 1 I f{s)P{pY{pP{p)-P{p))dxds + -—- f{t)k{p{t,x))dx. 
[2p + Xy Jq JfN X + 2p JjN 
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We obtain finally by using Holder inequalities: 

A{t)<C + Ct\\p\\L^+C f I f{s){\pP {p) - P{p)\G^ + \P{p)u\\VG\ 

Jo JjN 

+ ■ Vup + \^g\'^)dxds. 

<C + C ^\\\pP\p)-P{p)\\L-\\^/mG\\l2+f{s)Mp){sr)\\L-^^^ 
Jo 

X l|VG||i2 + \\Vpu\\U\^/m^u\\l, + \\p\\L^\\y/f{s)g\\l,)dxds, 

t 



(4.49) 



<C + C / (||%(5,-)||L-||A/7MVn||i.+/(s)||i(p(s,-)||L-+/(s)||VG||i2 



X \\kipisrmL^ + \\VPu\\l4^/fir)Vu\\l, + \\pU^ 
where k{p) = h{s) = \sP'{s) - P{s)\ and i{s) = h{s)P{sf. 

Estimates on ¥u and G 

We now want to obtain bounds on ¥u and G, assuming that p is a priori bounded in 
L°°(T^). Indeed we want to show that the control of A{t) in ()4.49p depends only on a 
control on ||/o||loo- 

To do this, we use once more the equation of conservation of momentum in order to take 
in account the ellipticity of the momentum equation. To cancel out the coupling between 
the pressure and the velocity, we will consider the unknown Pu and G. By applying the 
operator Pn and by studying the effective pressure, we obtain the following equations: 

I^AFu = F{pu) - F{pg) , (4.50) 

VG = Q{pu)-Q{pg), (4.51) 

where u = dtu + u ■ Vn. We recall here that P is the projector on free-divergence vector 
field and Q is the projector on gradient vector field. Therefore we have: 

||VG||,.2 + \\AFuh2 < C\\pis, Ollioo {\\^dsuis-)h2 + W^u ■ Vuis, OHl^ 

1 (4.52) 



+ \\p{s,-)\\IMs,-)\\l^)- 



The case iV 



For simplicity, we will treat only the case of the dimension 3. We recall that for all 
1 < p < +00 by C alder on- Zygmund theory we have: 

\\Vu\\lp < C{\\VFu\\lp + \\RG\\lv + \\RiP{p))\\Lp), 

where R is a pseudo differential operator of order such that for all / G H^(T^) 
Jjff Rfdx = 0. We want now to recall the Gagliardo-Nirenberg's theorem that we will 
use frequently: 

yfeH\T^) such that l^jdx = 0, ||/||i4(TiV) < C||/|||,(^^) ||V/|||,(^^). 
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We deduce that from Gagliardo-Nirenberg's inequality, Young's inequalities and ()4.52p : 



\\Vpu\\l4./mVu\\% < Cf{s)\\^u\\U\\R{Pip))\\% + l|VP«k4 + \\RGh.) 
< C\\^u\\l,{f{s)\\P{p)\\% + (v7R(l|Vn||^. + 



xi^){\\AFuh2 + \\VGh.))--) 
< C{fis)\\^pu\\U\Pip)\\l. + l|p(^,-)|lLllVP«||i4(v7M(l|Vn||i. + 



(4.53) 



^ iVmi\\Vpdsuis-)h2 + \\^u.Vuisr)\\L^ + Msr)U^^^ 

< C{f{s)\\^pu\\l4P{p)\\% + i/(.)(||V^||i. + \\P{p)\\h)\\p{sr)\\U\Vpu\\l 

+ ef{s){\\^dsu{s-)\\l + \\^pu- Vu{s, Olli. + Ms, •)U^ \\g{s, OIlD). 
Hence we obtain by Young inequality from (|4.52p : 

f{s)\\k{p{s, ■)U^ \\VG{s, OIIl^ < jWHpis, Ollioo Ms, ■)\\L^f{s) 
+ ei\\./fWpdsu{s-)\\l, + II • Vn(., Olli^ + /(.)||p(., •)IIl-II5(^, 

By adding (|4.53|) and (|4.54p . we obtain: 



llx^5^lli4|IV7(^Vu||i4 + /(s)||fc(/5(s,-)||L-||VG(s,-)||L2 < 
C(/(.)|IV^n||i4||P(p)||i4 + ^/(.)(||Vn||i. + ||P(p)||iOIIK^r)||ioo||VP^ 

+ ef{s){\\^pdsu{s-)\\l, + ||p(., OIIl- Us, -^h)) + ^f{s)\\k{p{s, 

X llp(sr)l|L-- 



(4.55) 



Here at the difference of B. Desjardins in [26] we will use the gain of integrability on 
the velocity obtained in inequality (|4.45p to control the term ||y^ii||x=o(j^4). In [26] 
B. Desjardins estimate this quantity via the control on ||V?x||j;,oo(j:^i). In particular, it 
explains why in dimension = 3, he can not estimate the regularizing effects on u only 
by a control of p in norm L°°. By (|4.45p . we have then: 

WVP^h^iL^) < CMll^iL^-jC^ + \\P{p)\\%iL^))- (4.56) 
Therefore we have by using inequality ()4.56p , ()4.49p and ()4.55p : 

A{t) <C + C [\\\h{p{s, -Ml^ + -Ms, Ollioo ||p3u||^4)/(.)||Vu||i. 
Jo £ 

+ -j{s)\\p{p{s, -ml, Ms, wp'^uh. + f{s)\\p{p{s, -mi^ Ms, oiiio. ^^-^^^ 

X |p3it|||4 + ||p(s, •)||l-' ||5(s, Oia + HWpis, ■)\\L^)ds. 
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We have then by using ()4.56p 

Ait) <C + C{l + {f \\P{p{s, -mUdsf) f 4>{\\p{s, ■)\\L^)f{s){{l + llVulli, 
Jo Jo 

+ \\P{p{sr))\\h) + Msr)f^.'')ds, 

<c+c{i+ f \\p{p{s, -mf^ds) f 0(iip(., ■)\\l-){a{s) + f{s)) + Ms, oiiir 

Jo Jo 

(4.58) 

where C depends on the time t and a > 0. Here (j) is in C''(M+, M!!J_) n C"^(0,oo) such 
that (/)(s) < M + Cs^ for some positive M, C > and /3 > 1. We define here by F the 
space endowed with this type of function. In the sequel as we will use a function with 
/3 G N it will means that (pp G J-'. Gronwall's lemma provides the following bound: 

A{t)<C{l+ [ P'''{Ms,-)\\L^)ds [y{\\p{s,-)\\L^ds+ f M\\p(.S,-)\\L^ds) 

•'^ (4.59) 

U\\p{s,-)\\L^)ds)), 



xexp(C(l+ f P^''{\\p{s,-)\\L^)ds) f\ 
Jo Jo 



where (pi S C°(M+, ]R!j_) n C"'^(0, oo) such that (/)(s) > cqs for some positive s. 
Next we have for (j)-^ £ with a enough big: 



PH\\pis,-)\\L^)ds) M\\pis,-)\\L^)ds<{J M\\pisr)\\L^)dsr, 

< J 4i\\pis,-)\\L^)ds. 
Finally from ()4.59p . we obtain: 

A{t) < Cexp(C f M\\p{s,-)\\L^)ds)). (4.60) 
Jo 

Control of supo<t<T /^(i) / p\u\^it,x)dx + J J f^{s)\Vu\^dxds 

In the sequel, we want to obtain estimate on Vu in L^{BMO), that's why we need of 
additional regularity estimates. In fact more precisely we want get more regularity on vi 
the effective velocity define in [36]. We recall here briefly the definition of vi, the idea 
is that new variable check an heat equation with additional source terms. To achieve 
it, we need to include the pressure term in the study of the linearized equation of the 
momentum equation as in |36j . For that, we will try to express the gradient of the 
pressure as a Laplacian term, so we have to solve: 

Av = VP{p). 

Let £ be the fundamental solution of the Laplace operator. We will set in the sequel: 
V = V£*[P{p)—P{p)) = V [£*[P{p)—P{p)f) ( * here means the operator of convolution). 
We verify next that: 

VdivT; = VA(£: * [Pip) - Pip)]) = AV(£: * [Pip) - Pip)]) = Av = VP(p). 
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By this way we can now rewrite the momentum equation of (jl.ip as: 



dtu + u ■ Vu — —A(u v) ^^Vdiv(n v) = /, 

p V ' p V ' 

with V = 2[i ^ \. We now want to calculate dtv^ by the transport equation we get: 
d^v = Ve* dtP{p) = -V£ * (P'(/9)div(H)- 

By setting vi = u — -v which is called the effective velocity, we can now rewrite the 
system (jl.ip as follows: 



'' dtq + {vi + -v) ■ Vq + -P'{l)q = -(1 + q)divvi 



-{Pip) - Pil) - P'{1)) - -qiPip) - P{1)), 

V V 



- IT^-^'^i = / - n • V^x + i V(A)-i (P' (/9)div(H) , 
^ g/j=o = oo, (wi)/t=o = (t^i)o, 



(4.61) 



By this way the coupling between v\ and the pressure disappears. Your goal now is 
to prove some regularity results on v\. More precisely we want to prove that V^i G 

L}p{B2fy^ ) such that as L}p{B2^ ) ^ L\{L°°) by proposition 12.21 vi is Lipschitz. We 
recall that for obtaining strong solution, it is enough to obtain that u is Lipschitz. We 
will see this point in the sequel. 



To obtain such estimates on vi we follow the ideas of the proof of D. Hoff in 
For the completeness of the proof, we would like recall the main arguments used by D. 
Hoff in [H]. We have then to derive estimates for the terms fit)"^ J^n \u\^{t,x)dx and 
/o /t^ f N {s)\'^ dxds . First we rewrite the momentum equation on the following form: 

pii — fiAu — (A + /u)Vdivn + VP(p) = pg. 

We apply to the momentum equation the operator ^ = 9^ + n • V, we recall some 
elementary computations: 



We have next: 



d . 
u—Au-' 
^dt 



p-jiU^ + {dtp)u^ + ^ dkp u^, 
k 



dt 



p—vP — pdivuvP , 
dt 



pdtAu^ + ^dkA 



and (where D = divn): 
d 



p{dtAu' + div(An-'u) — Au-'divu), 



(A + p)—djdivu = (A + p){dtdjD + di\{djDu) — djDdivu), 
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We finally obtain: 

Pj^ii^ + djdtP{p) + divdjP{p) = fi{dtAu^ + div(An^'u)) 

+ (A + ti){dtdjD + div{djDu)) + p^^g^. 

We have then by summing over j: 
1 



(4.62) 



f{t)^ I p{t,x)\u{t,x)\^dx= l' I Nf^-\s)f{s)p\u\-'dxds 

t 



Jo Jt^ 

+ (A + p.)[djdtD + div{djDu)] + pg^dxds. 

Since /^~^(s)/'(s) < /(s) we can apply ()4.60p to bound the first term on the right. Next 
by integrations by part we get: 

-// f{s)^u^{djdtP + dw{djPu))dsdx= [ [ f{s)^{djU^dtP + dkU^djPu''dsdx, 
Jo Jt^ Jo Jt^ 

= j j fisfp'{dju^dtp + dku^djpu^)dsdx 

[ [ f{s)^P' [-dju\pdku'' + dkpu'') + dku^djpu'']dxds, 
Jo Jt^ 

= - [ [ f{s)^[P'pDdjU^ + dkPu^djU^ -djPu''dkU^]dxds, 
Jo Jt^ 

= - [ [ f{s)^[P'pDdjU^ - P{DdjU^ -dju''dku^)]dxds. 
Jo Jf^ 

We bound therefore therefore the previous term by using Holder inequalities and Young's 
inequality: 

C{ f [ P{p)f{sf\Vu\'^dxds)^ f I f{s)^\Vu\'^dxds)'^ 



10 Jt^ Jo Jt'^ 

<C, [ [ P{p)f{s)^\Vu\'^{s,x)dxds + e [ [ f{s)^\Vu{s,x)\'^dxds, 
Jo Jt^ Jo Jt^ 

with e small enough for applying a bootstrap argument in the sequel. We are now 
interested in writing precisely the contribution of the third term on the right-hand side 
of (|4.63p . we have then: 

-n[ [ f^iVii^ -Vui + iVii^ ■u)Au^]dxds 
Jo Jt^ 

= -p [ [ f^[Vu^ ■ {Vu{ + V{Vu^ ■ u)) + iiiiu^uji - {u\u\)]dxds, 

Jo Jt'^ 

= -p [ [ f^[Vu^ ■ {Vu{ + V{Vu^ ■ u)) + uiiu'^uji - uj^u^ - uiui)]dxds, 

Jo Jt'^ 

<-p [ [ f^\Vu^\^ + M [ [ f\Vu\^i\Vu\ + \D\)dxds. 

Jo Jt'^ j j 
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The last term on the right-hand side of ()4.63p may be treated as fohows: 

-(A + /x)/ / f^{djdtD + dw{djDu)dxds<-{X + n)[ [ f^D^dxds 
Jo Jt'^ Jo Jt'^ 

+ M f [ f^\Vu\'^{\Vu\ + \D\)dxds. 
Jo Jt'^ 

From (j4.63p and by the preceding inequahties, it then follows by Young's inequalities 
that: 



f{ty' / p\u\'{t,x)dx+ / / r{s){fi\Vu\' + {X + fi)\D\^)dxds 

JjN Jq JjN 

<M[Co + aCo\\P{p)\\L^+ [ [ f{s)p\u\^dxds 

Jo Jt^ 

+ 11 f^{s)\Vu\Uxds]+ [ [ f^{s)p\g\^dxds, (4.64) 
Jo Jt^ Jo Jt^ 

<M[Co + C,Co\\P{p)\\L^+A{t)+ [ [ /^(s)|V7 

Jo Jt^ 



u\ dxds 



+ f I f{s)p\g?dxds]. 

Jo JT^ 



We recall here that ui = curln. Next from the momentum equation, we obtain as in the 
works of D. Hoff in [2] by applying the operator curl: 

pIVojI"^ = p{div{u}'Vuj) + dj{puju^) — dk{pwu^) + p{u^dkUJ — vl^djUj). 

Integrating on (0,T) x and multiplying by f[t) we get: 



f{s)\Vuj\^dxds<M{ / f{s)p^\uWs,x)dsdx 
Jt'^ Jo Jt^ 

< M\\p\\Lo^A{t). 

Similarly we have: 

sup f{t)^ [ \Vuj\'^dx< [ f^{t)p\u\'^{t,x)dsdx+ [ f{t)^p\w\'^{t,x)dx 

0<t<T J JfN JjN 



(4.65) 



< 



f'^ {t)p\uWt, x)dsdx + C||/3||loo , (4.66) 

<Co + C,Co\\P{p)\\L^+A{t)+ f I f{s)\Vutdxds + C\\p\\Loo. 

Jo Jj'^ 

To complete the estimates ()4.64p and ()4.66p . we will need to estimate the following term 
lo fjN f^{s)\Vu\{s,x)^dxdt. After we will come back to the inequality (|4.60p and we 
will prove the existence part of theorem 11.21 
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Control of fj^ f'^{s)\Vu\{s,x)^dxdt 

We have then by sphtting the term Vu as fohows: 

Vn = V(A)-Mivtj + — ^—[V(A)-^VG + V(A)-^VP(p)]. 
2/i + A 

we have then by Calderon-Zygmund theory: 

f [ f^\Vu\^dsdx < f [ {{RG)^W){s,x)+f^ {s)RP{p)\s,x))dxds, {A.67) 
Jo Jt^ Jo Jt'^ 

with R a pseudo-differential operator of order 0. Let focus us on the case = 3. We 

can apply Gagliardo-Nirenberg, we have then: 



/ f{s){RG)^{s,x)dsdx< [ f{sf{[ G^dxy^{[ \VG\'^dx)ht, 
Jt^ Jo Jt^ jt^ 

3 



< liy7WG'||^oo(^.)||/(t)2VG||ic«(^2) J^J{s)\VG\{s,xfdsdx. 



(4.68) 



By the definition of G we have easily: 

fit) [ G\t,x)dx < M[||P(p)|Uoo(i2) 

JrpN 

Moreover as (A + 2fi)AG = div{p{u + g)), we have by classical estimates on the elliptic 
system: 

f{tf [ \VG\^dx<Mf{tf\\p\\l^{[ p\uWt,x)dx 



+ IIpIIl-' / \9\'^it,x)dx). 

JjN 

We finally get by using (jilGS]) and (gSl]): 

/ / f{s){RG)\s,x)dsdx<M\\p\\lo.il + A{tf) (4.70) 
JO Jt^ 

with a > 0. 

A similar argument may be applied to the vorticity term, so that we have: 

f [ f{s)\Vu\\s,x)dsdx<M\\p\\l^{l + A^{t) + \\g\\Loo^L^)). (4.71) 
From (|4.60p . (|4.64p and ()4.66p . we can conclude that: 



(4.69) 



B{t)f{tf j p\u\^{t,x)dx+ f I f{s){p\Vu\^ + {X + p)\D\'')dxds 

JjN Jq JjN 

<M[Go + G,Go\\P{p)\\loo + GGeAit){l + A{tf) 
sup f{tf I \Vuj\^dx<M{Go + G,Co\\P{p)\\Loo+A{t)G\\p\\Lo^ 

0<t<T J 



(4.72) 



+ eB{t) + GGeA{t)^°). 

We can remark that all the inequalities ()4.60p . (|4.65p and (|4.72p only depend on the 
control of In the following subsection, we are going to explain how we can 

control the L°° norm of the density p in finite time. 
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Conclusion 

We will treat for simplicity only the case = 3. We want here to explain how to obtain 
L°° estimate on the density p in finite time. From (j3.42p . we have: 

log(/j(t,x)) <C7(log(||po||L-) + ||(A)-Mivmo||L- + ||(A)-Miv(p^/)||L^ 

ft (4.73) 

+ Cy^ \\[uj,RiRj]{pui){s,-)\\Bi^^^^^ds). 

We have then by Sobolev embedding with e > 0, (|4.45p and let p > 6 + e with e > and 
q = such that ^ + | < | which means 7 > 6 : 



||(A)"Miv(pu)||iop(j^„o) < ||pn||iop(i3+»), 

iLli 1 

<^\p\\l^{l^)\\P''Al^{lp) (4.74) 
<^II-«II^(L.)(1+ f\\P{p{s,-mltds). 



We can proceed similarly in the case N = 2 and 7 > f suffices. 

We now want to bounded ||Vti||/^6 to control in the sequel the last term on the right 
hand side in (j4.73p . We have then by Calderon Zygmund theory and the fact that 
AG = div{pu) + div{pg), by using classical estimates for elliptic equation we have: 

WVuUe <\\G\\Le + \\Pip)\\L^ + \\u;\\Le 
1 1 

We have then by interpolation for a > and 9 small enough: 



/W'^llVnll^e-. < ||Vn||^2(||p||ioov7(t)l|p^t' 



+ \\pip)\\L^ + vm\\'^^\\L^)'-' 

We obtain then from (j3.44p with a > small enough, by Young inequality with p = 

7P 'p^6""^'^ p— 6^' 



and 9=1 and Holder inequalities (2— + ^ < i as 7 > 5i£— !iv 



rt 

[uj , RiRj]{pui){s, ^ds < I \\pu{s,-)\\L6+.\\^u{s,-)\\L'^-'^ds 







rt -[ 1 J 

< / \\puisr)\\L6+^ —\\^u\\%{\\p\\lo,,^/f{t^\\p2u\\L2 + \\p\\Lo^\\g\\L2 

Jo f{s) — 



+ mp)\\L^ + Vm\N^\\L^)' 'dx 

1 

f{s) 



< IIp^x(s,-)||l-(l6+.)||— 2 A(t)^2"( / \\Vu{s,-)fds)^ 

■F ( c\ 9 ^ 



< ll/0tx(s,-)|||oo(i6+.)+^(t) < {\\P^ h\^^^^^^\\P^<S,-)\\)loo(^L^+.)+A{t), 

< \\p-pu{s, •)II)!^(L6+.) + A{t) < 1 + r H\\pis)\\L^)ds + A{t). 
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By using the previous inequahty and ()3.42p . ()4.60p and ()4.74p we conclude that: 

\ogp{t,x)<C+ [ (P{\\p{s)\\L^)ds + A{t), 
Jo 

<Ct + Cexp{[ MMs,-)\\L^)ds)) 
Jo 



with 6 £ J^. We obtain then: 



\p{t,x)\ < Cexpi f M\\p{s)\\L^)ds). (4.75) 
Jo 



Denoting by w^t) the right-hand side of ()4.75p . we conclude that: 

^w{t) < CMMs)\\L^)w{t) < Cw{t){M + Ciw^{t)), 
at 

because (j)2 G J^- We have then as w{t) > C: 

^ ^ < Ml 



so that there exists Tq such that for all T < Tq 

IIpIIl°°((o,t)xt^) < Ct- 
Proof that - is in L°° when p is in 

We npw want to check that if we assume that po is bounded away from zero then on 
(0,To) the density p remains bounded away from zero. From p.39p . we have: 

logp(t,x) > lnpo{x) - ||(A)"Mivmo||Loo - ||(A)"Mivmo||L;p^(Loo) 

ft f ft (4.76) 

\P{p{s,)\\L^ds + / / P{p{s,-))dxdt - / \\[uj,RiRj\{pui){s,-)\\L^ds. 
Jo Jt^ Jo 

As we assume here that — belongs to L°° and we have shown that all the terms in the 
po ° 

right hand side of (|4.76p are bounded, we can conclude that ^ is in L!^(L°°). 
Proof of ([TTTS]) and (fTTTT]) 

We now want to get supplementary estimates on the solution, and more precisely we 
would like to prove a control of the gradient of the velocity Vu in L^{BM0{T'^)). 
In the sequel we will call such solution weak-strong solution, indeed to control Vu in 
L^[BMO{T^)) is not enough in order to obtain strong solution but we will see that by 
adding slightly some regularity hypothesis on the initial density it will be enough. For 
more details we refer to the next section . 

To obtain this additional regularity on the velocity, we need of new estimates on u. To 
do this, we are widely inspired by the technics introduced by D. Hoff in |40] that we 
will recall for the completeness of the proof. It can be also seen as an extension of [36 j. 
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indeed we will crucially use some interpolation results in order to cancel out the coupling 
between pressure and velocity. In [32] we are working directly with the ejfective velocity 
which also allows us to obtain regularizing effects on vi . In some sense the methods used 
in [36] and [ID] are completely dual, in [36] the use of effective pressure avoids to use a 
direct argument interpolation. Furthermore in {361 . the obtained results are really in the 
scaling of the system. 

As explained previously in [36], we are able to prove that vi is Lipschitz with ini- 
tial velocity critical for the scaling of the equations. More precisely we have V^i in 

^ JV 

-^To(^/i) ^ -^To(^°°) when uq and po are critical for the scaling of the equation. More 

i^— 1 a 

precisely no is in B^^ ^ and po in l^pi with I < pi < p < +oo and some extra conditions 
on {pi,p). This method is maybe more direct but however is probably more technical 
because the intensive use of Besov space with very sharp hypothesis on the paraproduct 
laws. For more details we refer to [36]. 

We now would like to explain why in our context it seems more advantageous to use the 
technics of |40j . Indeed here for proving ()1.15p and ()1.17p in theorem 11.21 we want to 
have minimal hypothesis on the initial density, it means that we assume only po £ L°° 
and ^ € That is why we can not directly use [36] where we need to suppose that 

JV 

Po in Bp^ (what is a bit more regular) . In return as in [40j , we have to suppose that no 

JV -11 

is in i?"2"~ what is subcritical in terms of scaling of the equation (in comparison the 
initial velocity is really critical in [36]). 

For the completeness of the proof we would recall these different technics. We would 
also point out that an other difficulty compared with j40j is to be very careful and very 
accurate inasmuch as we work with large initial data. 

First , we mollify initial data satisfying the conditions of theorem 11.21 and then uses the 
result of [36] to obtain a solution (/>, u) defined at least for small time. We now want to 
derive estimates on the solution (p, n) which do not depend of the mollifier process but 
depend only on the initial data. 

In the sequel we will treat only by simplicity the case = 3. Fixing the local in time 
solution (p, n) described above on the interval [0, Tq] with Tq > 0, we therefore assume 
throughout this section that < p < C with C > 0. A crucial point is also to check 
that these estimates depend only of the condition p in L°° . 
We define a differential operator C acting on functions w : [0, T] x — )• by 

Cw = dt{pw) + div(pn ® w) — fiAw — AVdivn;, 

and we define wi and 11)2 by: 



Cwi = 0, Cw2 = -VP(p), 

{Wl)/t=0 = uo, {w2)/t=o = 0- 

We observe here that by uniqueness wi + W2 = u. By energy estimates we obtain: 



(4.77) 



sup / p{t,x)\wi {t,x)\^dx+ / \Vwi\^dxdt <C Pol no I dx (4.78) 

0<t<To JT^ JO Jt^ jt^ 
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and: 



sup / p{t,x)\w2{t,x)fdx+[°[ \Vw2\'^dxdt <CT sup \P{p{t,-)f. (4.79) 

We shall derive (jl.lSp and ()1.17p simultaneously as consequences of estimates for the 
following quantities (we can observe that this method is also to rely to the Kato spaces 
for incompressible Navier-Stokes, see [38]) : 

sup t^'^ [ \Vwi{t,x)\'^dx + [ [ t^~^p\wi\'^dxdt, 
o<t<To Jt^ Jo Jt^ 

for k = 0,1 and, 

p\w2\ dxdt. 



sup / \Vw2{t,x)\'^dx + I I I 
0<t<lJ Jo J 



To derive these bounds, we multiply equations (|4.77p by wi and u;2, respectively and 
integrate. The details which are nearly identical to those in the previous section are left 
to the reader. The essential point is only to see that these estimates depends only of p in 
L°°. But as we have seen previously that ^ is bounded in L°° if ^ and p are respectively 
in L°° and L'^^{L°°{T^), we can consider in the sequel that < p I^C. And this last 
point do not depend on the mollifying process but only on the initial data and the fact 
that p is in L°° . That is why in the sequel we do not care from the constant coming from 

1 1 — 1 1 r oo . 

We obtain more precisely: 
1 



^fJ-t'' I \Vwi{T,x)fdx + I I s''\wi\'^dxds < 



Jo JjN 

1 

2 



^ Ilk [ f '^\Vwifdxds + [ I s''\Vwi\'^\Vu\dxds, 

JT^ Jo JT^ 



(4.80) 



and 

r-t 

^//, / Wii!o(t.x)\'^dx -4- I 



-p I \Vw2{t,x)\^dx + I I \w2\^dxds< [ P{p{t,x))divw2{t,x)dx 

+ / / {\'^W2\^\Vu\ + \Vw2\\Vu\)dxdT. 
Jo Jt^ 



(4.81) 



/O JT 

By proceeding exactly as in the previous section, we obtain the following results: 

fTo 

0<t<To Jj^ Jo Jj^ 



sup [ \Vwi{t,x)\^dx+ [ [ \wi\'^dxdt <C\\uo\\hi, (4.82) 

<t<To JT^ Jo Jt'^ 

sup t[ \Vwi{t,x)\'^dx+ [ [ t\wi\'^dxdt < C\\uo\\l2, (4.83) 

0<t<To JT^ JO J 

sup / \Vw2{t,x)\^dx+ [ [ \w2\^dxdt < CCo, (4.84) 
<i<To Jt^ Jo Jt'^ 



0<t<To 
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where Cq depends only of the initial data and of H/cUl^? • Now since the solution operator 
uq — > •) is linear, we can apply a standard Riesz-Thorin interpolation argument 
to deduce from (|i:82]) and (|i:83]) that: 

sup t^"^ / \Vwi{t,x)\'^dx+ /° / t^-^\wi\'^dxdt <C\\uofjjp. (4.85) 
o<t<To Jt^ Jo Jt^ 

As u = wi + W2, we then conclude from (j4.84p and (|4.85p that: 

sup t^-f^ [ \Vu{t,x)\'^dx+ [ ° [ t^-^\u\'^dxdt<CCo\\uo\\%p. (4.86) 

0<t<To Jtn Jq Jjn 

The next step consists in obtaining bounds for the terms 

sup t^"'' / \Vu{t,x)\^dx + [ [ t^~^\Vu\^dxdt 
o<t<To Jt'^ Jo Jt^ 

appearing in (jl.lSp . To do this, we multiply the momentum equation of (jl.ip by t^~^u 
and integrate. The details are exactly as in the previous section, except now we apply 
the /3 dependent smoothing rates established in (|4.85p . Combining these bounds with 
(|iT8]l . (ri79]l and (035]), we then obtain (fLT5D for times t < Tq. 

To prove (|1.17p . we observe that for A: = 0, 1, 

sup \\wi{t, ■)\\Hk < C\\uQ\\Hk, 
0<t<l 

by (ITOD and (IMD . Thus: 

sup \\wi{t,-)\\HI3 <C\\uQ\\Hk, 
0<t<l 

for /3 G [0, 1]. As u = wi + W2, and applying ()4.84p we obtain that: 

sup \\wi{t, •) 11^,3 < CCo, 

0<t<l 

and then for r G (2, 31^) in the case that /3 > 0, that: 

sup ||M(r, •) — u\\ir < CCq. 

0<i<l 

This proves (|1.17p . 

Regularity on the gradient of the velocity u in Ly^((W^^'" + i?MO)(T^)) with 
a> N. 

Here we want to examine the regularity of the gradient of the velocity and to prove that 
Vii is in L\,^{BMO) for showing (fLTHIl . To show some regularity estimates on Vu, we 
begin with verifying that the new variable vi introduced in |36] called "effective velocity" 
belongs to L\ {W'^'"') with a > N which implies that Vvi G (-^°°)- We recall here 
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the definition of vi introduced in ^36j. The idea of ^6] was to introduce a variable vi 
which ahows to cancel out the coupling between the velocity and the pressure in the 
momentum equation of (jl.ip . In this goal, we need to integrate the pressure term in the 
study of the linearized equation of the momentum equation. To do this, we will try to 
express the gradient of the pressure as a Laplacian term, so we set: 

Av = VP{p). 

We have then v = {A)^^'VP{p) with (A)""*^ the inverse Laplacian with zero value on T^. 
In the sequel we will set: 

1 

Vl = U ; V. 



We check then easily that: 



divui = G and curlui = oj. 

A + 2/x 



We have then: 



An =Vdivti + divw = Vdivui + divcurlui H -V(P(p)), 

2/U + A (4.87) 

=At>i + (2/i + A)-iV(P(p)). 

We can easily show that || Vt>i Hioofit < +oo if (jl.lSp holds. To see this, we apply 
standard elliptic theory on vi (indeed Avi = x+2fj. ^^ ~^ divco) combined with the fact 
that AG = div(p'!i — pg) and jiAFu = F{pu — pg). By simplicity, we will consider only 
the case N = 'i. The case N = 2 follows the same lines. For some a > 3 and e > 
determined by a we have then by Sobolev embedding and Gagliardo-Nirenberg estimates: 

WVviWl^ <C(||VG||l. + ||Vw||l.), 

^ (IIp^(^) OIIl" + IIwIIl" + IIVwIIl"), 

~ 1^ 1+1 (4.88) 

< {\\p\\L^\\u{t,-) -n||J ||Vtt(t, •)|| J + ||p||l°°||5'I|l- + IIVwIIl-.), 

< {\\p\\L^{\\u{t,-)\\'^ +ii^)\\Vu{tr)\ff + Wph^hh^ + I|Vw||l-). 

We recall here that pu = Jk), we have then as ^ > C on [0, Tq] and as p belongs to L°°: 

1 / ^ 

u < rpg ^ g. 

So that by using (jl.lip . ()1.15p . ()4.88p and one time more that AG = div(pii — pg) and 
nAFu = ¥{pu — pg), we finally obtain: 

\\Vvi{t)\\Loodt< r\^{t^-' f \u\'^dx)^{t'' [ \Vu\'^dx)^dt + l. (4.89) 
Jo Jo Jr^^ Jt^ 

with s = f + e - 1 (e > 0) and where 4/3 = (s - 1)(1 - e) - {a + e). 

From (|4.87p and the fact that ^ is in L°°, we have that (t^~^ fj^ Ittpdx)^ (t'^ J^m \ Vu\'^dx)^ 
is in L||j. We can then conclude from ()4.89p that: 

f-To f-To 
/ \\Vvi{t)\\L^dt < G( / t^f^dt)2 + Go. 
Jo Jo 
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The above integral is therefore finite as 2/3 > —1. A similar result result holds for N = 2 
with s > 0. Thus for the solution constructed in the previous section, J^^ ||Vwi(t, •)\\L°°dt 
is finite if (jl.lSp holds with the additional conditions in comparison of the previous 
sections, inf /jq > c > and uq G H^~^'^~^ with e > 0. 
More precisely we have proved in fact that: 

V?;i G L^TiW^'") ^ L^t{B]^i)- (4-90) 
with a = N + 2e where e > 0. 

As P{p) G we deduce from (|4.87p and the results of C alder on- Zygmund, that: 

Vn G L^j5M0(T^)). 



5 Lipschitz estimates on the velocity u 

In the theorem 11.31 we have assumed additional hypothesis on the initial density, in 
particular the fact that po £ ^^,00 with e > 0. The goal here will be to show that this 
^00 00 regularity on the density is conserved on (0,To). In particular it will allow us to 
prove that the velocity is Lipschitz. It will be then enough to obtain the uniqueness of 
the solution constructed in theorem 11.21 Furthermore we will observe that for preserving 
the Lipschitz estimate on the velocity it will be enough to control the norm of the 
density. It will give us then the blow-up result of the theorem 11.31 

5.0.1 Control of p G L^„(S^,oo) and of Vu G 4^(5^,oo) 

We now want to estimate p in L°^{B^ ^) and to prove that this control depends only on 
the norm L°° of the density. In view of proposition 12.91 where in our case h{p) = P{p), 
a = e, p = pi = r = +00, we have for all t G [0, T] and < e < 1: 

||Hlz^c»(s^^^)<e^^W(||po||B^,^+ [c\\p{T,-)\\L-\\divv,{T,-)\\B^^^^dT)), (5.91) 







where V{t) = (||Vn(r)||BO^_^nL- + ||divui(r)||B^_^ + \\p{t)\\1^ + l)dT, where s the 
smallest integer such that P' G W''^^. We have seen by (^^Mih that Vvi G L^{0,T, S^^oo) 
with e > small enough. By Besov embedding we recall that ^ belongs to The 
main difficulty now is to control Vu G -L^(0, T, L°°), for this we recall that by definition 
of the effective velocity and by proposition 12.21 



(5.9zj 

The idea now is to use logarithmic estimates that we will inject in the inequality ()5.9ip . 
by using proposition 12.71 we have: 



oiiBg,,, <g||pwbo„,^iog(e+ ;; j;ii °°'°° ), 
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and we recall the following inequality: 

Vx >0,y5> 0, log(e + -) < log(e + -)(1 + log(5). 

X X 

We obtain then from the previous inequality: 

MmB]^, < IIPWbo^.^(l + log(IIPWIlB^,^))log(e + ^--^^ ), (5.93) 



Let X{t) = /q ||/o(s)||bo ^ds, we have then from ()5.92p . proposition 12.21 and from the fact 
that /9 G L°°(L°°): 

V{t) < C{1 + X{t) + f [\\Vv^{t)\\b^^ ^ + ||div^i(T)b^ ^)dT). (5.94) 

JO 

Combining ()5.9ip and the previous inequality leads to: 
X{t)< j\\p{s)\\BO^^^[l + CV{t)+ 

log (ll/'obj,,^ + ^ C\\p{t, OIIl- ||divz;i(T, Ob^^^dr)^ log(e + — )ds, 

< 1^ Ms)\\bo^.^ (l + CX{t) + C j'^ (l|Vt;i(r)||Bg„_^ + ||div^i(r)||B^^^)dr 
+ log (llpobj,,^ + ^ C\\p{t, •)||L-||divt;i(r, Obi^^^dr)^ log(e + ^^^^^^^^^ — 
Applying Gronwall inequality and inequality (|4.90p shows that: 

<a,oexp(C Ai + II/'(s)IIl-)c^5), 

JO 

where Ctfl depends only of the time t and the initial data. As p G Lf{L^), we conclude 
that X{t) < Ct and by this way we have proved that: 

Ml^(b%,,oo) ^ ^o,T, (5.95) 

where Ct^ depends only of the time T and the initial data. We want to point out that 
we have in fact proved the following assertion: 

VuelHBl,). (5.96) 
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5.0.2 Control of p G for iV = 3 and p E L~(S^^^^) for iV = 2 (with 

e > arbitrary small) when P{p) = Kp with K > {) 

We will treat only the case = 3, the case N = 2 follows exactly the same lines in the 
proof. In this case, we need to show for the sequel that p £ L'^{Bj^^), and for this we 
proceed exactly as previous. Indeed as po € Bj^ ^, by proceeding as in the previous section 
we can show that p is in L^^B^j ^). It suffices in particular to apply the proposition 12.91 
In the general case P{p) = ap'^ with 7 > 1 the fact to control p G L°^{Bl,^) will be 
crucial to obtain the uniqueness of the solutions and in particular for using the results of 
P. Germain (see [31]). 

6 Proof of theorem 11.21 and 11.31 

6.1 Existence of weak solutions for theorem 11.21 and 11.31 

In the sequel for simplicity, we will treat only the case = 3, the case N = 2 follows the 
same arguments. 

Existence of weak solutions for theorem 11.21 

The above arguments of section [31 H] and O are not rigorous, since we have to assume that 
{p, u) is a solution of system (jl.ip (but it is exactly what we want to prove). Furthermore 
we need that this solution (/), u) is enough regular to apply the different estimates which 
use crucially integration by parts in particularly. That is why to overcome this difficulty, 
we need to smooth out the data in order to get a sequence of local solutions {p'^,u^)n£N 
on [0,Tn] to (jl.ip by using the results [23] or 06]. ihere corresponds to the lifespan 
of the solution (/)„,n„). More precisely we assume that: 

4r G L^, G B]+l, e B%^, and /" G L\B%^,), 
Po 

and that {pq,Uq) — )-„_>_|_oo (poj^o) in the norm of the spaces in what belong the initial 
data {pqjUq). To do that, it suffices to smooth out the data as follows: 

Po = SnPo, Uq = SnUo and /" = Snf. 

The main difficulty now is to prove that T„ goes not to when n goes to infinity. To 
do this we can observe from section [3] and H] that there exists a time Tq > independent 
on n such that (/9",nn)„gpj verify uniformly in function of n the estimates (jl.l3p . (|1.15p . 
(jl.l7p and (|1.18p . Furthermore {pn)n£n verifies uniformly in function of n on the interval 
(0, Tq) the following control: 

IIp"IIl5?(l°°(t^) ^ and || — 1 1^,00(^00 (if jv) < C. (6.97) 

Now we suppose by the absurd that T" — )>„_j.+oo 0. It means that for n enough big 
T" < To, then on (0,r") {p 

m Un)n^N Verify uniformly in function of n the estimates 
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(fLTHI) . (fLT5l) . (fLT7|) and (fLTHH and (IHIWl) . From section[5]we can also prove as G B]^^^ 
that for all n: 

pn ^loo^Qi+e^ and Vn"GL^jL°°). (6.98) 

From the continuation theorem proved in [24] when we have a solution of (jl.ip which 
verifies ()6.97p and ()6.98p then we can extend the solution. It is then a contradiction with 
the fact that T„ is the lifespan of the solution. We have then for all n G N, T" > Tq. 

We have then prove that the solutions (p",ii"')„gN of system (jl.ip with initial data 
(/9Q,nQ)„gN exist on the interval (0,To) with Tq > 0. Furthermore (pqjUq)^^^ verify- 
uniformly in n estimates (|1.13p , (jl.lSp , (|1.17p and (jl.lSp and 16.971 It is easy by using 
the results of Lions in , of Feireisl et al in [HU] or of Novotny and straskraba in |59j to 
conclude that (p",ii"')„eN goes to a solution (p, n) of svstem [TTT]) and that (p, n) checks 
(fLTSjl . (frT5]l . (fTTTll and (fTTTSD and p G L~(L~(T^)). 

The only point where we need to be careful is the case when 7 < ^ (in fact it is possible 
only when N = 2), indeed in this case we can not use |3D] but with all the estimates 
(fTTajl . (frT5]l . (fTTTll and (fTTH]) uniformly verifying by (/9",u")neN and (fHrWp it is an 
easy exercise to conclude. 

Existence of weak solutions for theorem 11.31 

The proof in this case follows exactly the same lines than in the previous section. 

6.2 Uniqueness for theorem 11.31 when P{p) = ap^ with 7 > 1 

We now discuss the uniqueness of the solutions of theorem 11.21 For this we want to use 
the result of P. Germain [31] which is a result of weak-strong uniqueness. In the sequel 
we will note (/?i,tii) the solution of the theorem 11.21 which exits on the time interval 
[0,ro]. We have shown that our solution check p G L°°{L°°). By theorem 11.21 we obtain 
that our solution verify the following inequalities: 

sup / [lp{t,x)\u{t,x)\^ + \P{p{t,x))\+a{t)\Vu{t,x)\^dx 

0<t<+oo JfN 2 

+ sup / [lp{t,x)f{t)^{p\u{t,x)f + \Vuj{t,x)\^)dx 

0<t<+ooJT^ 2 (6.99) 

r+oo r- 

+ / [\yu\^ + f{s)p\u\^ + \uj\'^) + (T^\Vu\^]dxdt 

Jo Jt^ 

<C{Co + Cff, 

and we obtain moreover: 

f ^dtuGLl{L\T'')), 

Vtvu G lUh\t^)), 

ViG = Vi[{X + 2p)d[Yu- P{p)]£ L^t{H\T^)), ^' ^ 

Now we assume that there exists two solutions of system (jl.ip {p,u) and {pi,ui) in the 
class of the solution of theorem 11.31 with the same initial data {po,uo). Furthermore 
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{po,uo) verify the conditions of the theorem 11.31 We now want to prove that {p,u) = 
on [0,To]. To do this, we will use the result of P. Germain in [31]. To see this 
we have just to verify that {pi,ui verify the conditions of the theorem 2.2 of [3T]. For 
simplicity we will prove only the result for = 3. Before proving this assertion we would 
like to recall the theorem 2.2 of [31j . 

Theorem 6.5 Take initial data such that: 

po £ L~(T^) and G ^^(T^). 

A solution is unique on [0,Tq] in the set of solutions{p,u) such that: 

^pu E Vn e L\{p) and p G L??(L~), 

•provided that: 
. //iV = 2.- 

V/91 G Lf^{LP), Vni G L\^,{L°°) and Viui G 

with p > 2. 
• IfN> 3: 

V/91 G Lf^{L^), Vni G i^To(^°°) <^rid Viui G L\{L^). 

As we know from section [5.0.11 and 15.0.21 that Vpi is in L'^^{By ^) ^ L^j(L^) and that 
Vui is in L^^(L°°); it suffices to prove that y/tiii belongs to L^^(L^). 
We recall then that by Gagliardo-Nirenberg inequalities we have: 

V^ll^illliS < (t3~f ||-ui — ni||^2)^(tt~§||Vtti||j;^2)^tt. 

From the inequalities (??), we deduce that 

(t^-t||ui||i2)5 G Ll{L^) and (tJ-t ||Vt6i||i2)5 g 4^(L^) 
which means that ^/tUl G L^^(L^). 

We have then proved then that by using the theorem 16.51 of |31j . we have {p, u) = (pi, ui) 
on [0, To] for all Tq > which conclude the proof. 

6.3 Uniqueness for theorem 11.31 when P{p) = Kp with K > Q 

In this case, we do not need of any condition of type G Bj^ ^, indeed in this specific 
case we would like to use the results of D. Hoff in [38j. To see how to proceed in this 
case we refer to [55] , 
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6.4 Condition of blow-up for theorem 11.31 



We want to show that by assuming only that p is in then we can extend the strong so- 
lutions constructed in theorem 1 1.3i In fact we have proved in section U] that the regularity 
properties (fTTa]) . (frT5]l . (frT7|) and (fTTH]) hold as long as: 

sup ||/o||ioo/2,oo/']i'iV)i < +00. (6.101) 
te[o,To] t ^ ^ >> 

Furthermore using the regularity properties ()1.13p . (jl.lSp . ()1.17p . (jl.lSp we have shown 
in section m that the effective velocity verifies Vvi € L}p^{B]^^). In subsection 15.0.11 
combining the facts that Vt^i and p belong respectively to L\,^{B]^^) and LJ^(T^), we 
have shown that Vu E L\,^{B'^^^). In particular we have Vn E L-^^(L°°). This lat 
condition is then classical to prove that we can extend the strong solutions of theorem 
11.31 For more details we refer to [23] or [31]. 

7 Proof of theorem 11.41 

7.1 How to obtain a regularizing effect on vi when p E L^{L'^) 

We now want to work with the effective velocity vi introduced in the previous sections 
to obtain new estimates this last when we assume that p belongs to L°°(L'^). We will 
give more details on the value of q in the sequel of the proof. We can now rewrite the 
momentum equation of system (jl.ip . We obtain then the following equation where we 
have set u = 2p + X: 

pdtu + pu ■ Vu — /iA(u v) — (A + u)Vdiv(ti v) = pg, 

where we recah that v = {A)-^{VP{p)) with (A)"^ the inverse Laplacian with zero mean 
value on T^. As vi = u — j^v we have: 

pdtvi + pu ■ Vu — nAvi — (A + p)Vdivvi = pg pdtv. 

As divv = P{p) — JjN P{p)dx, from the transport equation we obtain: 

d\\dtv = —P {p)pdivu — VP{p) ■ u + P' {p)pd\\u + VP{p) ■ u 

= -diY{P{p)u) + {P{p) - pP'{p))divu - P{pjdivu + pP'{p))divu. 

In the sequel we will need to use the Bogovskii operator that we note (see |59J pl68 
for a definition), we obtain then: 

dtv = A-^{- div{P{p)u) + iP{p) - pP'{p))divu - P(pjdivu + pP'{p)divu). (7.102) 
We get finally: 

pdtVi — pAvi — (A + p)\7divvi = pg — pu ■ Vn pdtv. (7.103) 
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We set f{t) = min(t, 1) and we remark that /(O) = 0. We multiply then (|7.103p by 
f{t)dtVi and integrating on (0, t) x T^(with < t < T) we obtain then: 



, f{s)p\dsvi\^dxds + ]- f{t){fi\Vvi{t,x)\^ + i{d:iYVif{t,x))dx< 
Jt^ ^ Jt^ 



/ {s){n\Vvi{t,x)\'^ + C{divvi)^{t,x))dxds (7.104) 
/ pu ■ Vu f{s)dtvidxds + [ [ {pg pdsv)f{s)dsVidxds, 

lO JT^ Jo JT^ ^ 

where ^ = /x + A. We have then as for all t E (0, T): 

\\P{p)\\lUl'^)<C, (7.105) 

and by Young's inequality: 

tf f{s)p\dsv,fdxds + l- [ f{t){p\Vvi{t,x)\^ + adiYVif{t,x))dx< 
Jo Jj^ ^ Jt^ 

C{1+ [ [ f{s)p\u-Vvi\^dxds+ [ [ f{s)p\u-Vv\^dxds (7.106) 
JO Jt^ Jo Jt^ 

[ [ fis)pi\g\^ + \dsv\^)dxds). 

Jo JT^ 



+ 



We have next to control the terms on the right hand side of ()7.106p . In the sequel for 
simplicity, we will treat only the case = 3. The case N = 2 follows exactly similar 
lines. We can now recall that from the works of A. Mellet and A. Vasseur in [55], we 
are able to control the velocity u in L°°{L°°) if we suppose that p is in L°°(L^'>'"'"^) with 
e > 0. In fact from the inequality ()4.45p . we can obtain a gain of integrability on the 

velocity, i.e ppu € L°°{L'p) with p arbitrary big if P{p) € U'{Lp+^). In our case it will 
be the case as we assume at least that P{p) is in L°°(L'^), i.e: 

\\P{p)\\lt(l-^)<C. (7.107) 

For the simplicity of the calculus we will assume that u G Lf[L°^). In fact we have only 

a control on p^u in L°°{U') for p arbitrarily large, but in the sequel all the expressions 

to treat will be of the form pu. It would suffice to apply the Holder's inequalities with 

1-- - 
p p{ppu). 

Regularizing effect on Avi 

We want here to use the regularizing effect on vi and proceed in the sequel by bootstrap. 
To do it we use the momentum equation ()7.103p and we have: 

pAvi + (A + p)Vdivvi = pdtvi + pu ■ Vvi + pu ■ V(A)"^V(P(p)) 

, P;, (7-108) 
- pg + -dtv. 

V 
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We now want to take in consideration the ellipticity of ()7.108p . in this goal we would like 
to recall that from (j7.1U6|) we can hope only a control of \/ pf{t)dtVi in Lf(L'^). We set 

(7.109) 



then ^ = ^ + ^ and we have: 

\\Av4lp < \\p\\i\\Vpdtvih2 + \\p\\i\\VpdtVih2 + Ml.Ml^MI. 



\\p\\L.mv\\L^i + 



with the followina; conditions: - + —<-, — = i — tt- and - + ^ < - (let o > 27 + 1). 
Next by Gagliardo-Nirenberg, we have 

WVviWl.. <\\Vvi\\l4^vi\\Y,\ (7.110) 

with: ^ = f + - 1 ^ = 1 + ^ _ 1 + 1 _ ^ = 1 + ^(1 _ e). We can now estimate 
the following term \\^/J{s)pu ■ Vvi\\^^2ds. 

Estimate on the term Jg \\^J f{s)pu ■ V?;i||^2'^-s 

We have then by using ()7.110p where e is defined such that: 

1 1 1 1 e 1 e 1 , , 

->- + --- + -4^---<-^<7>3, 7.111 
qi 2 2q 6 6 q 2q 3 

and with (j7.109p we have: 



WVfWpu-VviWh < ||p||L.||n||ioo||v^Vz;i||i,,, 

<l|p||L.||n||io./(.)||V^l||i^.||A^;l||i^^^ 

<C\\p\\L4Aio^fm^n\\L^{\\p\\l^^ 

+ iipIU.ii^iil-iipiil + \\p\\L.mv\\L^r + \\9\m)'^'"\ 

We have then: 



\\^/JWpu ■Vv.Wl, < 

C\\n\\l^fis)^Vv,\\%\\p\\lT{\\^/fWpdtVi^^^^ 
+ C\\p\\L4u\\l^fis)\Nvi\\U\\ph^^^ 
Next by Young inequality with and ^, we get: 

\\./fWp^-'^Vl\\h<Cafis)\\p\\i;'\\u\\l^\\^^^^^ 

+ aW/fWpu • V^illi. + C.f{s)\\p\\l\\u\\U\Vv,\\h + c^\\p\\h\MU\p\\lZ (^-^^^^ 



+ c^\\p\\h{\\vW)dtv\\U + 



Here a is very small and Ca can be very big. From ()7.112p we obtain: 



(1 - a)\\y^pu . VviWl, < Caf{s)\\p\\l '\\u\\l^ \\Vvi\\l, 

2 



+ a\\y7WpdtVi\\h+C.f{s)\\p\\lM\U\^^^^^ ^^'^^^^ 

+ o^\\p\\U\\^/m^tv\\U + \\g\\h,), 
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We now inject inequality ()7.113p in ( I7.106P and we obtain by choosing a enough small 
for doimg a bootstrap: 

/ f{s)p\dsvi\^dxds + l [ f{t){fi\Vvi{t,x)\^ + ^{diYVif{t,x))dx< 
JT^ ^ Jf^ 

( - - /"* 

J 

/ j{s)p\u-Vv^dxds^ [ [ f{s)p{\g\^ + \dsv\^)dxds). 

JT'V Jo Jt^ 

It reminds to bound the last term on the right hand side of (|7.114p . We need in particular 
to prove that y^f{s)dtv G L^{L''^). 
Now from (j7.102p . we have: 



\\y^dtv{s,-)\\lnds<C{l+ / \\y^P{p){s,.)u{s,-)\\lnds 

Jo 

II v^A-^ {{Pip) - pP' (P))divn) •) IIL, ds. 



We have then: 

ft 







\\\^I{s)P{p){sr)u{s,-)\\'ic,ids < C||n|||oo(ioo)||/9||L27(L79i). 
It means that we need that: 

q>iqi^q> ^ q{q - (27 + 1)) > 4^ g > 27 + 1. (7.115) 

q-1 

Next we have as {P{p) - pP' {p))diYu belongs to L'^{LP^) with p2 = = ^ + g) 

and the properties on the Bosvskii operator we have 

r||77(^A-i(P(p)-pP'(p))divn)||i,, <C||p||?^].(^,)||divu||2,(^,^, (7.116) 

J 



where we need to assume that 



7 1 1 1 3 , , 



Now from ()7.114p and the previous inequalities we have: 

/'/ 



f{s)p\dsvi\^dxds + l- I f{t){p\Vvi{t,x)\'^ + ^{divvif{t,x))dx< 



C{1+ f [ f{s)p{\g\^ + \dsvf)dxds). 
Jo JjN 



(7.118) 
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By proceeding as in the previous terms we can easily bound the last terms on the right 
hand side of STTHM . We conclude finally that if q check (fTTU^ . fTUm) . (|7TTT|1 . (|7TT^ 
and ()7.117p . we have then : 

t f f{s)p\dsVi\^dxds + \ ( f{t){fi\Vvi{t,x)\'' + i{diYVif{t,x))dx<Ct, 

Jo JjN I JjN 

(7.119) 

where Ct depends on t. 



Control on the norm p G L°° 

Now we can come back to equation ()3.4ip in order to get a control in norm on the 
density. More precisely we have: 

log(p(t,x)) < log(||/)o||L-) + C||(A)-idivmo||L- + C||(A)-Miv(pu)||i^ 



+ C [ [ P{p{s,x)dsdx + C I -^=\\[^/J{s)uj,RiRJ]{pui){s,■)\\L^ds. 
Jo JjN Jo f{s) 



(7.120) 



Easily, we have by Sobolev embedding and (j4.45p with e > 0: 

||(A)"Miv(/)'u)||Loo < ||pu||ioo(2,3+.) 

^ IIpIIl°°(L9) 

when we assume that: 

llp|lLf=(L'?) ^ C with g > 3. (7.121) 

We recall then from the previous section that f{s) Avi € L'^{LP) with | = ^ + ^! by 
Gagliardo-Nirenberg inequality we have: 

||Vwi||Lg2 < ||A7;i||}^p^||Vi;i||^2, 
with ^ = ^ + ^ — l + f — We have then by using the results of R. Coifman et al in 



{f{s))"^\[{Vl)J,R^RMP^^){s,■)\\w^.^ < \\Vvi\\l4./Jir)Av,\\l-^ ^^^^^2) 

X ||p||l9 II'^^IIl'^ • 

In the sequel we will need that a > 3. Indeed by Sobolev embedding we will prove that 
[{vi)j, RiRj]{pui){s,-) is in L\{L°°). That is why in the sequel we have to assume that 
when e is chosen arbitrary small: 

1 1 1 3 1 e e 1 , , 

- + - = - + -- - + -- -<-4^g>9 7.123 
q q2 2 2q 6 6 2q 6 

We have finally by using hypothesis ()7.123p and ()7.122p as ^ G and as we 

have shown thaX{f {s))'i~'2\\[{vi)j, RiRj\{pui){s, ■)\\yYi,a in Lf{L°^) by Sobolev embedding 
(because here a > 3) : 

^ '^i_^ f{s)^~^\[{vi)j,RiRj]{pui){s, ■)\\L^ds\ < C||/)||ic«(i,)||n||ioo(ioo) 
/(s)2 2 

\\Vv,\\l,^^,^\\./f{s)Av,\\l-,l^^y 
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We proceed similarly for the term \\[{vj , RiRj]{pui){s, ■)\\ii(^i.xy This term is the most 
important because it decides of the value of q that we must choose. Indeed we have the 
results of R. Coifman et al in [19] : 



LI- 



We need that /5 > 3 for using Sobolev embedding and then to prove by this way that 
[{A)-^\/{P{p))j,RiRj]{pui){s, •) is in Ll{L°°). We assume then that: 

- + -< ^^g> 3(7 + 1). (7.124) 
q q 2, 

If we summarize all the inequalities on q, i.e (I7.1()5p . (I7.1()7p . (I7.111|l . (|7.115|1 . (|7.117|1 . 
(TTm]) . ([71231) and (l7J2iD . we need that: 

p G l^(l3^(t^)) n Lf{L^^i+l{T^)) n l°°(l9+^(t^)) n l7+\l3t+3(t^)) (7.125) 

Finally under theses conditions we control |logp|l|p>i} G Lf^(L°°(T^). From theorem 
11.31 we have seen that we can control Vu in L\{L°°) and that we can extend beyond T 
the solutions constructed in theorem 11.31 It achieves the proof of theorem 11.41 □ 



8 Further comments, results and open problems 

We now want to describe the additional problems when we consider variable viscosity 
coefficients. In particular we will mention the specific case of shallow- water system. We 
will point out also that we can get in some specific cases on the choice of the variable 
viscosity coefficients (which includes in particular the case of the shallow-water system, 
see [7]) a gain of integrability on the pressure. More precisely we assume that the viscosity 
coefficients verify: 

X{p) = 2{pp:{p)-p{p)). (8.126) 

In particular in this we are able to verify the condition ()1.20p . Unfortunately we will 
explain why it seems difficult to apply the theorem 11.41 with this choice on the capillarity 
coefficients. 



When the viscosity coefRcients are variable 

We briefly want to remind some results of global weak solution when the viscosity coef- 
ficients are variables. Furthermore we would explain why it seems complicated to obtain 
similar result than theorem 11.41 in this case. Indeed one of the main reason is the loss 
of the so called structure of effective pressure or of effective velocity. We will give more 
details on this in the sequel. 

In [3 Bresch and Desjardins showed a result of global stability of weak solutions for 
the non isothermal Navier-Stokes system assuming density dependence on the viscosity 
coefficients p and A, considering perfect gas law with some cold pressure close to the 
vacuum, and the algebraic relation ()8.126p . 

The key point in this paper is to show that the structure of the diffusion term provides 
some regularity for the density thanks to a new mathematical entropy inequality. This 
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one has been discovered in [8], we call it the BD entropy. More precisely they are able to 
obtain a gain of derivative on the density, i.e y/pVip{p) G L°°{LP') when y/^Vif{po) E L^. 

Here we have set (/^'(p) = . 

Mellet and Vasseur by using the BD entropy, get in [53] a very interesting new stability 
result when the pressure is considered barotropic, i.e P{p) = ap'^ with 7 > 1 and a > 0. 
Note that the main difficulty is to establish the compactness of ^/pu in I? strong, and 
the key ingredient to achieve this is an additional estimate which bounds p\v}^ in a space 
better than L°°(0, T; L^(T^)). Indeed the BD viscosity coefficients vanish on the vacuum 
set, so it means that we loss the control Vit in L^(L^(T^)), that is why it is not so clear 
to obtain strong convergence on the terms of type pu ® u. 

Unfortunately, the construction of approximate solutions satisfying: energy estimates, 
BD mathematical entropy and Mellet- Vasseur estimates is far from being proven except 
in dimension one or with symmetry assumptions, see [56], |51j . [32]. Note that approxi- 
mate solutions construction process has been proposed in [^ satisfying energy estimates 
and BD mathematical entropy. This leads to global existence of weak solutions, however 
only if we assume that extra terms or cold pressure are present. 



8.1 The BD entropy and the theorem 11.41 

In theorem 11.41 we prove a blow-up criterion for strong solution {p,u) on (0,T) who say 
us that if in dimension three: 

p G LJ+\l(^+i+^)^(T^)) and p G Lf {L^+'{T^) n L^"'+^T^)), (8.127) 

then the solution (p, u) can extend beyond T. We now can motivate our assumption 
(j8.127p in the light of the BD entropy (see [B]). Indeed by choosing some viscosity 
coefficients verifying the equality ()8.126p . we are able to control ^/p\/ip{p) in L°°{Lp'). 
In particular we can obtain the relation (|8.127|) by Sobolev embedding and by choosing 
/x(p) = p/o" with a big enough. It means that if we would be able to extend theorem 
11.41 to the case of the BD viscosity coefficients, we could prove the existence of global 
strong solution in dimension = 3 for compressible Navier-Stokes with this choice 
of viscosity coefficient. However this type of viscosity coefficient kills the structure of 
effective pressure or of effective velocity and we can not apply our proof. In particular 
it appears not so clear how to obtain estimates on dtu by multiplying the momentum 
equation by dtu. 

It shows that the structure of the viscosity coefficients plays a crucial role for compressible 
Navier-Stokes system and that the structure changes completely and depends crucially 
on the choice of the viscosity coefficients. 

An interesting open problem would be to extend theorem 11.41 to the case of variable 
viscosity coefficients and in particular BD coefficients. 



Importance of the regularity conditions on the source term g 

V. A. Waigant has built in ^3] explicit solutions for which the maximal integrability 
of the density corresponds to 1/^(0, 1,L9) with q = ^^'^^2jv^~^ • means that (j8.127p 
fails in this case except that the force term g introduced in [73] is less regular than 
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what the theorem 11.41 requires. It means that the regularity of g is crucial to get strong 
solutions and it shows in particular that it is quite hard to obtain a gain of integrability 
on the pressure. In passing we recall that it is possible to prove that we have a gain of 
integrability on the density in L^(L'?) with q = j + — 1. The paper of V. A. Waigant 
was a counter-example to prove that in dimension A'^ = 2, 3 it was not possible to hope 
a control Lf^^ on the density. It indicates the necessity to use other arguments than the 
theory of renormalized solutions to obtain global weak solution when N = 2,3. 

On some extension of the theorem 11.41 and some questions of scahng 

In theorem 11.41 we need to assume that A = to get a control L°° on the velocity u as 
in the article of A. Mellet and A. Vasseur in [55]. We recall that in this paper they need 
of a control on P{p) € L'^{L^'^'^) with e > for A" = 3 to obtain a control L°° on the 
velocity when the viscosity coefficients are constant. To do this, they use some De Giorgi 
technics (see also |71) where Vasseur reproves the so-called result of Caffarelli-Kohn and 
Nirenberg in [lUj with this type of arguments). For De Giorgi methods we refer to [25j, 
where De Giorgi proves the so called XIX Hilbert's problem, which can be reduced to 
the regularity of weak solutions to nonlinear elliptic equations or systems. 
As in [553) the pressure plays an important role, and in some sense the pressure is the 
good unknown to control in order to get global strong solutions. In fact, the pressure 
plays the role of the velocity for the incompressible Navier-Stokes . 
Furthermore we could extend the theorem 1 1.4 1 to the case where X{p) is non null. However 
in this case we would need of stronger assumption on the control of P{p) in L°°{L'^) with 
q bigger. Indeed as in |55) the gain of integrability on the velocity u in L^{L/') depends 
on the ratio between p and A. 

We would like to point out that in the theorem ll.4l we need to assume that the initial data 
uq is in L°° in order to obtain a minimal condition of blow-up in term of integrability on 
the density. We just observe that in terms of scaling we ask one derivative in more on 
the initial velocity, but in return we are "not so far" to obtain a blow-up criterion on the 
pressure with one derivative in less compared with the scaling of the equations. More 
precisely the fact as in |55j to ask a control on P{p) in L°°(L^"'"^) in dimension A = 3 to 
control u in L°° is a condition of type " one derivative in less for the scaling" . Indeed we 
recall that the scaling of the pressure (when ^ and p are in L°°) is L^{W^'^{T^). In our 

case, we are "not so far" to get a similar result as we ask that P{p) is in L°° {L^~^'^~^^ {T'^ )) . 

In some sense we claim that the derivative in more for the scaling on the velocity is 
transferred in one derivative in less for the blow-up condition on the pressure. 

9 Appendix 

This section is devoted to the proof of commutator estimates which have been used in 
section 2 and 3. They are based on paradifferentiel calculus, a tool introduced by J.- 
M. Bony in [3]. The basic idea of paradifferential calculus is that any product of two 
distributions u and v can be formally decomposed into: 

uv = TuV + T^u + R{u, v) = TuV -\- T^u 
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where the paraproduct operator is defined by T^v = Sq^iu/S.qV, the remainder oper- 
ator R by R{u, v) = Agii( Ag_iu + AgV + Ag+iv) and T'^u = T^u + R{u,v). We would 
hke to remind a basic lemma on the commutator (for more details see [3] p 110). 

Lemma 1 Let 6 be a function on such that 9 ^ L} . There exists a constant C 
such that for any Lipschitz function a and any function b in U' with p G [l,+oo], we 
have: 

VA > 0, \\[e{X-^D),a]b\\LP < CX-^\\Va\\Lo-\\b\\LP. 



Proof: In order to prove this lemma, it suffice to rewrite 6{X ^D) as a convolution 
operator. More precisely we have: 

{[9{X-'^D),a]b){x) = 9{X-^D){ab){x) - a{x)e{X-^D)b{x), 

= X^ [ h{X{x - y)){a{y) - a{x))b{y)dy with /i = ^"i^. 

As the function a is Lipschitz, we have therefore 

\{[e{X-'D),a]b){x)\<X''\\Va\\Loo [ \hiXix - y))\\y - x\biy)dy. 

By Young's inequality, it implies: 

\\{[e{X-'D),a]b\\LP < X-'\\ I • \h\\Li\Va\\L^\\b\\LP. 
This conclude the proof of the lemma. □ 

Inequality ()2.3ip is a consequence of the classical following lemma [2] which is also proved 
in [3] p 112. For the completeness of the proof we will give here his proof. 

Lemma 2 Let a £ M, 1 < r < +oo and 1 < pi < p < +oo. Let u a vector field over 
M^. Assume that: 

a > -A^inf(^, — ) or a > -I - 7Vinf(^, — ) if divti = 0. 
P Pi P Pi 

Denote Rq = [u ■ V, A^Ja. There exists a constant C depending on p,pi,a and N such 
that: 

N 

\\{2i''\\Rq\\Lp)q\\ir <C\\a\\B^Ju\\ ^ ifa<- + l. (9.128) 



Bp7,oonL°° Pi 



and in the critical case: 



N 

U2i''\\Rq\\Lp)q\\ir <C\\a\\B^Ju\\ M. ifa = - + l. (9.129) 

In the limit case a = — A^inf(^, ^) (or a = —1 — A^inf(^, ^) for divn = 0), then we 
have: 

sup2'''"||i?,||LP < C||a||B<. ||Vn|| n_ . (9.130) 

1 "'"^ Bf} 1 
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Proof: In order to show that only the gradient part of u is involved in the estimates, 
we shall decompose into low and high frequencies u = Squ + ui. We remind that there 
exists a constant C such that: 

Vp2G[l,+oo], ||5oVu||lp2 < C||Vn||LP2 and ||Vni||LP2 < C||Vui||lp2 . (9.131) 

Furthermore as ui is spectrally supported away form the origin, by the so-called Bern- 
steins inequalities, we obtain that: 

Vp2 G [l,+oo], ^\\AgUi\\LP2 < \\AgVui\\LP2 < C2'>\\AgUi\\LP2. (9.132) 
Now we can write Rq under the following form: 

Rq = u ■ VAqa — Aq{u • Vo), 
= [n^;', Aq]dka + [Squ^, Aq]dka. 

The proof is based on Bony's decomposition which enables us to split Rq into Rq = 
Ell Rl, where: 

Rl = [T^,,Aq]dka, RI = T9,aA^ 

R^g = -AqTa.au'i, R^ = dkR{u\, A^a), 

Rl = -i?(divni,Aga), R^ = -dkAqR{ui,a), 

Rl = AqR{dwui,a), R^ = [Sou\ Aq]dka. 

In the sequel we will denote (cg)g>_i a sequence such that ||(cq)||/r < 1. 

Bounds for 2'?'^||i?i||LP 

Using proposition 12.11 we obtain: 



^1= H [S^'_A^Aq,]dkA 
\q-q'\<4 



Hence according to lemma [T] and inequality ()9.13ip we obtain: 



2''''\\R\\\lp <C\\Vv\\loo 2'?'^||A^/a||LP, 

\q-q'\<i (9.133) 

< Ccj II V^llicx) IIoIIb" 



p,r 



Bounds for 2'5"^||i?2||LP 



From proposition 12.11 we have: 



q'>q-3 



Hence using (|9.13ip and ()9.132p we have: 

2^"PpLp < Ccj||Vr;||Loo||a||B.„. (9.134) 
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Bounds for I^^WR^Wlp 
One has: 

Rl = - ^,{S,'_,dka^^,u\), 

\q-q'\<i 
k-q'l<4,g"<q'-2 

Therefore denoting ^ = | ~ ^ ^i^d using (j9.13ip and (j9.132p . 

k-q'l<4,g"<g'-2 
k-'?'l<4,g"<g'-2 



(9.135) 



Hence if a < 1 + ^, 

pi ' 



N 

21''\\R'^\\lp <Ccj\\Vv\\ N \\a\\B^^^. (9.136) 



Bounds for 29'^||i?^||LP 

Letting A^/ = A^/ -,^ + A^/ + A^/^-^, we have: 

Rt= Y 9fc(A,'n?A,A^,a). 

k-g'l<2 

Hence by virtue of ()9.132p . we get: 

2i''\\R''g\\LP <Ccj\\Vv\\ N Mb^^^. (9.137) 



We follow the same lines for bounding 2'^°"||i?^||iP. 
Bounds for 2'"'\\R^g\\LP and 2'"^||i?^||iP 



We will begin with treating the case ^ + ^ < 1. Let ^ = p + Then if cr > — 1 



li.l^i T„j-l_li 1 rj^u — ;f ^ ^ 1 A"" 

P J 

proposition 12.31 and proposition 12.21 yield: 

21''\\RI\\lp <Ccj\\Vui\\ N \\a\\B^^.. (9.138) 

J-'Oi .oo 



Now if p + ^ > 1) the previous argument has to be applied with p instead of and 
one still gets (|9.138p provided that a > —1 — One has then: 

2'^''\\RI\\lp <Ccj\\Vui\\^^ ||a||B.,.. (9.139) 



B. 
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Note that in the hmit case a = —1 — mm(^, 4-), proposition 12.51 yields: 

sup2'?'^||i?^||LP < CcjIlVmll ^ ||a||B-,. (9.140) 



Similar arguments allows us to obtain: 

'^'^'^WRIWlp < Ccj\\Vui\\ N_ ||a||B<T if cr > - min((— , 

^Pl ,oc -L 

2'^'^||i?!^||2,P < CcJlVnill JV ||a||B<^ if a = —mm(( — , — ) r = +oo. 

1 PI P,r p 

Pl.l 



(9.141) 



Finally let mention that if o" > — 1 then the standard continuity results for the remainder 
combined with the embedding ^ ^ yield: 

2""^^!^^ < Ccj||Vn||ioo||a||ij.^. (9.142) 

The same inequality holds true for if a > 0. 

Bounds for 2«'^||i?^||LP 
We have then: 

\q-q'\<l 

From lemma [1] we obtain: 

2«"||i?^||Lp < C Yl l|VA_in||Loo25''^||A^,a||LP, 

k-?'l<i (9-143) 

< CCj\\ Vw 1 1 1 1 1 1 R'^ • 

Combining inequalities ^Jm . ^J^ . (TOTD . (TOUD . (fgTMI]) . (fmi]) . 

and (f9l^ yields (f028]l . (|9J29D . and (I9J30]) . □ 
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